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A magnetoelastic cantilever beam

DI

a(s)

reference configuration

Given

e applied field h € R2

e orientation « : (0,1) — R of the magnetization
minimize the magnetoelastic energy

1 ,19!2 .
E) = f [— - h‘Tﬁ(a+T9)}d8,
o L2

in the admissible space H}; := {u € H' : u(0) = 0}.

DN

o(s) / )
applied field h

a
deformed configuration

m(p) = (cos p,sinp).



Euler-Lagrange system

(

—9" — h- Div(a +9) = 0,
{ 9(0) =0, (EL)
- v'(1) =0.
Let
2
Cp = ;

be the best constant in the Poincaré inequality:

/Olwz <c, fol(wly’ we CL([0.1]), w(0) = 0.

Proposition 1. The magnetoelastic energy has at least a minimizer. Moreover, this minimizer s a
strong solution of (EL), and it is unique if

h| < c,” (B)



Magnetoelastic instabilities

Take

h=(-h0), «a=0.

Then the Euler-Langrange equation becomes

—9” — Hsind = 0.
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Magnetoelastic instabilities
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The cost functional

Given a list of target shapes ¥ = (01,...,9,) with ¥; € L?((0,1)), define the regularized cost:

. 1 ! - s LA
C(h,a,9) = = 9, —9;1% + = 12 + L h;|?
(. 0, 9) 2;]0| |+2]0|@|+2;||
in the admissible space

— —
H = {(h,a,ﬁ) . h eR™ ac Hl,,0c (HgL)n} — R x H, (1) x (Hi)™.

Optimal design-control Problem
Minimize C in the admissible set A C H of triplets satisfying the control-to-state system
(9" —h-Di(a+19;) =0 in (0,1),

197;(0):0, i:1,...,’n,
95(1) = 0.

N

(Cost)

(Pﬁi)



Existence of a minimizer

Proposition 2 (Existence). The cost functional has a minimizer (h,o,9) in the admissible set.

Remark 2. Using (0,0,0) as comparison we obtain:
- 2 6 —2 —2
max |h;|* < —, where O = E 6, . (EOMF)

Thus, if the target rotations are small enough, the condition (B) is fulfilled, and mechanical equi-
libria identified by minimization are stable.
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What about uniqueness?

Our answer:

e We replace the variational problem with the corresponding Euler system, incorporating the state
equations through a list of Lagrange multipliers.

e We derive sufficient conditions for the solution of this system to be unique, using a fixed point
argument.

e Our proof provides a hint towards a numerical solution strategy.
Tools:

e Characterization of Fréchet-differentiable functions;

e A Lagrange Multiplier Theorem in the Banach-space setting;

e (Contraction theorem.
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Lagrange-multiplier formulation
Lagrangian
L(h,a,9, Q) :=C(h,o,?) Z/ —9"(s) — h - Dim(a(s) + 19?,(3))) ds

where A = (Ay,..., \,), the adjoint state, is a Lagrange multiplier
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Existence of a Lagrange multiplier

Proposition 3. Let (E,a, 9) be an extremal of C in A such that max; |Ez| < c;z. Then there exists a

Lagrange multiplier X € H}; (I)™ such that (h,a,9,A) is a strong solution of the E-L system:

2

(Pﬁi):

(Pr,) :

—} — h; - Drii(a +9;) =0, %:(0) = 95(1) =0
X/ — Nhi - DY+ 9;) = 95 — 95, Ai(0) = N(1) =0
no 3
—ea + Z)\ihi .D*m(a+9;) =0, «a(0)=a(1)=0 3)
i=1
- 1
h,,; — ——/ )\ZDTﬁ(()é + ?91)
T Jo
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Uniqueness

Theorem. For every list 9 of target shapes, for every ¢ > 0, and for every K < 0;2

there exists v* = v*(9,¢e, K) such that for every v > ~v* there exists a unique solution
(h,a,9,X) € H x Hy, (I)" of the EL-system such that

max || < K.
(

Corollary. Let 9 € C([0,1))", ¢ > 0, and let 0 < K < c¢p°. Then there exists

Yexr = Vax (D, €, K) such that for any v > V. the minimizer is unique. Furthermore, it
coincides with the unique solution of the EL-system, whence it 1s smooth and such that

a'(0) = 0.
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The uniqueness argument

1) Let D = {h : max; |h;| < K}. We know that if K < ¢, ? the following map is well defined:
o) o) o) Ak)y (T8) fke)

Using the estimates (7)-(8) we show that this map is a contraction in D, and hence it has a unique
fixed point. Thus, the solution operator

o " (R (), 9(0), Ae))

1s well defined.
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The uniqueness argument (cont.d)

. P)a
2) We show that the solution operator ay (r—)> a1 of the problem

—cof + Y Ni(ap) (o) - D*m(ag + 95(ar)) = 0,
(Pa) ) 1=1

ak+1(0) =0,
0.

\a;€—|—1(1)

1S a contraction.
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A numerical scheme

Initialisation:
a +— initial guess n:(“}*

.['} .
hi +— initial guess h, 7, 1 =1,.

A; <— initial guess A;
tol <— tolerance;

repeat

repeat

v; «— solve (Py,),i=1,....
Ai ¢+— solve (Py.),i=1,...,
hod «— hy:

until max?_, |h% — h,|<tol:
n.i!d — a;

a <— solve (P,);

until o — o/ <tol;

7 (0)

; s
0) 5 —
PN I,..

h; <— solve (P ),i=1,....m;
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Properties of the E-L system.
Remark 5 (Key for the fixed-point argument). System (Py,, Py, P}, ) and (Py,, Py;, Py ) fori # j

J

are coupled only through (P,).*

Remark 6 (Key for the estimates). Problems (Py), (P\) and (P,) share the same structure:

1 1
/ v'w’ +/ f(s,v)w =0, for all w € Hyp (I). (4)
0 0
where f(s,-) has Lipschitz constant
L < |h;].
Proposition 6. If L < c;? then (4) has unique solutio v with the bounds

Cp

<
ol < 2

1follzz,  llvllee < [If[loc- (5)

*This reflects the fact that once the design « is given each optimization problem represents a different physical
experiment.
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Existence of a Lagrange multiplier: tools

Remark 4. The admissible space A is the null set of the constraint mapping G : H — (Hj, (I)")
defined by

1 1
(G(h,a,9),u) = Z {/0 ul — fo h - Do+ ﬁz)u@} for all w € H; (I)".

Proposition 4. The cost functional C : H — R and the constraint mapping G : H — (H}, (I1)™) are
Fréchet differentiable everywhere.

—

Proposition 5. If max; |h;| < ¢, ” then DG(h,a,9) : H — (Hyp (™) is surjective, i.e., (h,a,9) is
a regular point of G.
We obtain Proposition 3 by combining the above facts with:

Theorem 1 (Lagrange multiplier theorem). Let f : U C X - R and G :U C X — Y be C! on an
open neighborhood U of . Suppose that T is an extremum of f on the set {x € U : G(x) = 0} and that
T 1s a reqular point of G. Then there exists a Lagrange multiplier X € Y’ such that

Df(&) — (A, DG(%)) = 0.

Remark. Use W?? regularity to obtain strong solutions. 19
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