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1. INTRODUCTION

In integral calculus, one considers various functions that are somewhat arbitrarily defined
as inverses to standard functions like the sine and cosine and their hyperbolic analogues
because they have the pleasant property of furnishing primitive functions for algebraic

integrals like [ \/% and [ \/%. These functions enlarge the class of integrals that can
be computed explicitly, albeit in the form of inverses to transcendental functions. The kind
of integral that arises when one allows the integrand to contain expressions of the form
V/ f(t), where f(t) is a polynomial of degree 3 or 4, is called elliptic. Primitive functions
for such integrals can be obtained in the form of inverses to so-called elliptic functions.
In this section we describe this extension of integral calculus and show that the situation
is very much similar to the more familiar case of the inverse trigonometric functions that
occurs when f has degree 2. This similarity extends to number theoretic aspects of the
functions under consideration and gives rise to the theory of complex multiplication that
will be the main topic of these notes.

We consider integrals over the complex number field C. In that case rational functions
can be integrated explicitly because they have a partial fraction expansion as follows.

1.1. Lemma. A basis of the field of rational functions C(t) over C is given by the set
consisting of the monomials t* with k € Z>q and the fractions (t — a)~* with o € C and
k e Zzl.

The basis elements can all easily be integrated, but already in this case there are the

rational integrands —— that give rise to transcendental functions log(t — ).

We now pose ourselves the problem of evaluating integrals of the form [ R(¢,+/f(t))dt,
where R is a rational function in two variables and f € CJt] is a non-constant polynomial
without double roots. More intrinsically, this means that we look at integrands that are
algebraic of degree at most 2 over the rational functional field C(t). They can be written
in the form A+ (B/+/f) with A and B in C(t), and as we already know how to integrate A
we can further assume A = 0. By the lemma, the problem is then reduced to an evaluation
of integrals

T —« k
(1.2) Sk(a):/ % (acCkeZ).

One actually needs only a small number of such integrals, see exercise 1.8.
If deg f = 1 we are simply dealing with rational functions in v/f, and we are back in
the rational case by taking \/f as a new integration variable.

3
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If deg f = 2 a change of variables of the form ¢ — at + b shows that it suffices to
consider the case f =1 — t2. As a characteristic example, we will study the behaviour of
the map ¢ that is defined by

Toodt

(1.3) o(z) = /0 Vit
If we take z and the path of integration in the closed upper half plane H = {Im(z) > 0}
and choose a branch of v/1 — t2 on H that is positive on the imaginary half-axis iR, then
¢ : H — C is a well-defined map. The real segment [—1,1] is mapped to [—m/2,7/2]. As
the argument of 1 — ¢? increases by — if ¢ increases in the upper half plane from 1 — € to
1+ € for any small € > 0, the integrand increases by /2 along this path and the half-line
[1,00) gets mapped to the vertical half-line {mw/2+iw : w > 0}. In the same way, (—oo, —1]
is mapped to {—7/2 + iw : w > 0}, and it is now easy to see that ¢ maps the upper half
plane H conformally onto the semi-infinite strip {z : —7/2 < Re(z) < 7/2 and Im(z) > 0}.

Two problems arise if we want to extend ¢ to the entire complex plane. First of all,
the function v/1 — ¢2 is two-valued on C, so we have to make a branch cut in the plane,
say along the real interval [—1, 1], in order to have a single holomorphic branch. Secondly,
the integral is path-dependent on C, even if we make the suggested branch cut and avoid
integration across this cut. More precisely, the integral is determined up to multiples of
the value of the integral over a closed curve around the branch cut, i.e. up to multiples of

dt
— =27 R>1).
j{ﬂ:R\/l—tQ ( )

There is a canonical solution to both problems. The ambiguity of the value of the integral
is easily repaired if one takes this value not in C but in the factor group C/27Z. Note
that C/2nZ is topologically a cylinder.

In order to avoid uniqueness problems with the function v/1 — ¢2, one considers the
integral not on C, but on a surface C that is obtained by glueing together two copies of C
along the branch cut [—1, 1]. Topologically, it is clear that such a surface is homeomorphic
to a cylinder. It can be realized as a smooth complex curve C' if one takes

C={(x,y)eC?: 2% +¢y?> =1} c C?,

i.e. the curve consisting of points of the form (¢, £v/1 — t2).

It is not hard to prove that ¢ induces a bijection ¢ : C -~~~ C/27Z. This implies that
we can use the inverse of ¢ to transport the group structure on C/27Z to C. In fact, it
turns out that ¢~! : C/271Z — C rather than ¢ itself is the better map to look at. As in
standard calculus, one derives that it is given by

¢~ (w) = (sinw, cosw),

4
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and the well known addition formulae of the sine and cosine yield the following algebraic
addition formula for points on C.

(1.4) (x1,91) ® (22,92) = (x1y2 + T2y1, T122 — Y1Y2)

Summarizing, we can say that the algebraic differential 1dit2 is defined most naturally

on the complex curve C, and that integration of this differential establishes a bijection
between C' and the group C/27Z. This bijection is actually a biholomorphic map furnishing
an isomorphism of complex analytic manifolds, but we won’t go into that at this point.
The inverse function is of the form (IL,Il') : C/27Z — C C C?, where II is a periodic
function on C that satisfies an addition formula that is algebraic in terms of IT ad IT'.

We now turn to the case where the polynomial f in our integral [ R(t)//f(t) has degree
3 or 4. In this case, the integral is called elliptic as it is the kind of integral that arises
when one tries to calculate arclengths on an ellipse. The case in which f has degree 4
is easily reduced to the case that deg(f) = 3 by a Mobius transformation and is found
in the exercises. We will take deg(f) = 3, and in order to stress the analogy with 1.3
we will study the case R(t) = 1 in detail. There are several ways to normalize f by an
affine transformation ¢ — at 4+ b. If one maps two zeroes of f to 0 and 1, one obtains the
Legendre normal form dt/\/t(t — 1)(t — ) of the differential, if one makes the sum of the
zeroes of f equal to 0 and chooses the highest coefficient of f equal to 4 (for reasons that
will become clear later on), one obtains the Weierstrass normal form dt/\/4t3 — got — g3
of the differential. We will use the first form in our example.

As in the quadratic case, we look at the function

z dt
(1.5) Y(z) = /_OO VEE—1)(t =)

Assume for simplicity that A is real, say 0 < A < 1. Then we can use the same argument
as we did for 1.3 and study the behaviour of 1) on the upper half plane first for a suitable
branch of 1/t(t — 1)(t — A). (This kind of transformation is known as a Schwarz-Christoffel
transformation.) The image of the real axis is a union of four straight edges

(1 (=00), ¥ (0)] U [9(0), (M) U [(A), ()] U [9 (1), 9 (00))

intersecting at right angles. This time the integral is convergent for |z| — co in H, so we
have 1(—o00) = ¥(00) = 0 and H is conformally mapped unto the interior of a rectangle
having the origin and the 1-values of 0, A and 1 as edges. Just as in the previous case, we
can extend 1 to a Riemann surface F that is obtained by glueing two copies of C along
two branch cuts [0, \] and [1,00). As 1 can be defined at infinity it is more convenient
to glue Riemann spheres P1(C) = C U {cc} on which oo is a point rather than a limit.
Topologically, it is clear (draw a picture!) that one obtains a surface E homeomorphic to
a torus. It can be realized as a smooth complex curve in projective 2-space by taking

E={(z,y,2): 9%z = 2(x — 2)(z — \z)} C P?(C).

5
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Note that as before, the points on the affine curve E, in affine 2-space {z # 0} = C? are of
the form (¢, £+/t(t — 1)(t — A)). The only point ‘at infinity’ of E is the point Z = (0, 1,0),
and we let ¥(Z) = 0.

An important difference with the quadratic case is that the values of v are well-

defined only up to multiples of the values of two integrals along closed paths. The first is
the integral around either of the branch cuts, which has the value wy = 2(¥(0) —¢(—00)) =
—2(1»(1) —1p(A)) = 2¢(0). The second is the integral through the two branch cuts, which
has the value wy = 2(1(A\) —(0)) = 2¢(1). Note that these two paths are exactly the two
obvious incontractible paths on the torus.

Let A = Zw; + Zw, be the rectangular lattice spanned by w; and ws. Then 1 has
well-defined values in C/A, which is also a torus. Exactly as in the previous case, we obtain
a bijection ¢ : E —— C/A that can be shown to be a complex analytic isomorphism. Using
this bijection, the group structure of the torus C/A can be transported to the curve E, so
that E becomes an abelian group. Writing P(z) = 1~ 1(z) for 2 € C/A, it follows from
the identity ¢/(t) = 1/4/t(t — 1)(t — \) that P satisfies the differential equation

(P2 =P(P—-1)(P-)\).

More precisely, the inverse map ¢! : C/A — E is given by ¢~ 1(2) = (P(2), P'(2)) € E,
for z # 0mod A and 9(0) = Z. The function P can be viewed as a double-periodic
function on C. Unlike sin(z), it has singularities at the lattice points z € A C C, but
we will see in the next section that it does not have essential singularities like the sine
function, which behaves so badly at infinity that we had no obvious analytic extension of
the map ¢ to a projective curve. (See the exercises for this point.)

In the next section, we will systematically study double-periodic functions like P.
Such functions arise from elliptic integrals like the integral i)(z) above and are therefore
called elliptic functions. They parametrize complex curves like F that are homeomorphic
to a torus. These curves are exactly the ‘smooth projective curves of genus 1’ and are
known as elliptic curves.

We have seen that the addition formulae on the curve C are the algebraic addition
formulae for the sine and cosine functions. In the next section, we will see that the addition
formulae for the points on the elliptic curve E come from analogous formulae for for the
elliptic functions P and P’. Such formulae were originally discovered in terms of 1, i.e.
for the elliptic integrals rather than for the elliptic functions. They go back to Euler and
Legendre. The theory of elliptic functions was further developed by Abel, Jacobi and,
somewhat later, Riemann. They discovered that differentials in which deg(f) > 4 lead to
curves of higher genus, i.e. curves that have more ‘holes’ than a complex torus. Integration
of so-called holomorphic differentials on these curves are then used to map the curve into
its Jacobian, which is an abelian variety.

In these notes, we will principally deal with arithmetic aspects of elliptic functions.
The point here, already known to Abel, is that elliptic functions modulo ‘algebraic lattices’
like the ring of integers in an imaginary quadratic number field K = Q(+/—d) tend to
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assume algebraic values on K. In fact, these values generate abelian extensions of K and
can even be used to generate the maximal abelian extension of K. This discovery goes back
to Kronecker and Weber, whose names are also attached to the corresponding theorem over
Q. We will describe the theorems both for Q and K in terms of what we have done so far.

Consider the map ¢ : C — C/27Z described earlier. We have seen that ¢~1 can be
used to equip C' with a group structure. Now consider the torsion subgroup of C/27nZ,
which is 27Q/27Z. The function ¢~! maps torsion elements to points (sin 27q, cos 27q)
whose coordinates are algebraic numbers that generate abelian extensions of Q. One can
formulate the Kronecker-Weber theorem in the following way.

1.6. Theorem. Let L be the extension of Q obtained by adjoining the values of the
function sin(2mwx) for rational x. Then L is an abelian extension of Q, and the maximal
abelian extension of Q equals Q*® = L(y/-1).

Of course there are more precise versions of this theorem, describing in detail the Galois
groups of extensions obtained by adjoining the sine of an n-torsion element in C/27Z.
The formulation in terms of the sine function we have chosen is somewhat peculiar, but it
stresses the remarkable fact that the abelian extensions of Q are generated by the values
of an analytic function on the torsion elements of an analytic group.

The situation is slightly more complicated if K is an imaginary quadratic field with
ring of integers Ok . The main point is that an analytic isomorphism ¢ : E — C/A is not
uniquely determined but only up to isomorphisms o : C/A - C /aA. This phenomenon
of freedom of scaling already occurs in the ‘rational case’ of C/27Z: if we had simply taken
C/Z and used the map II(z) = sin(27z) rather than sin(z), we would have obtained an
analytic isomorphism ¢! : z + (II(2),I'(2)) with the curve C' = {(z,y) : 4wz +y> = 1}.
This curve contains no points with algebraic coordinates, and ¢ is given by integration of
the differential \/%.

In the case of the quadratic field K, it is not always possible to find an elliptic curve
E, say in (affine) Weierstrass normal form

E= {(xvy) : y2 = 4333 — 927 — 93}7

such that the coefficients go and g3 are in K and such that there exists an analytic isomor-
phism £ = C/aOk. Replacing a lattice A = Zw; + Zw, by aA has the effect g, — a=4go
and g3 — o %g3 on the coefficients of the Weierstrass equation for the corresponding el-
liptic curve E, so the value

3
. . 92

only depends on wq/we. It is called the j-invariant of the lattice A, and as a function
on elements w; /wy € H it gives rise to a modular function on the upper half plane. The
coefficient 123 = 1728 is a standard normalization motivated by integrality properties of j

7
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(cf. theorem 4.1). It is not hard to see that Q(j(A)) is the smallest field over which one
can define an elliptic curve y? = 423 — gox — g3 isomorphic to C/A. Kronecker discovered
that this field has a remarkable property when A is the ring of integers in a quadratic field.

1.7. Theorem. Let O = Z+ZT1k be the ring of integers of an imaginary quadratic field
K. Then j(Ok) = j(7k) is algebraic over K, and K (j(Tk)) is the maximal unramified
abelian extension of K.

The field Hx = K(j(7k)) is known as the Hilbert class field of K. The Galois group
Gal(Hg /K) can be described explicitly: it is isomorphic to the class group of Ok. This
observation has been a starting point for class field theory, a theory describing abelian
extensions of arbitrary number fields.

It turns out that a large part of the maximal abelian extension of K can be generated
with values of the j-function.

1.8. Theorem. Let K be imaginary quadratic and L the field obtained by adjoining the
numbers j(ntg) for n € Z>;. Then L is algebraic over K, and it is the maximal abelian
extension of K for which Gal(L/Q) is a dihedral group. The maximal abelian extension
K2 of K can be obtained from LQ?®" by adjoining an infinite number of square roots.

In order to obtain K2 completely, one proceeds as for Q. Let E : y? = 4a® — gox — g3 be
an elliptic curve isomorphic to C/Ok that is defined over Hg. Then there is a complex
analytic isomorphism C/aOk — FE of the form z — (p(2), '(2)) that is inverse to the
integration of the differential dt/\/t3 — gat — g3 on E, and we have the following analogue
of 1.6.

1.9. Theorem. Let K be imaginary quadratic of discriminant D < —4 with Hilbert class
field Hg . Then the extension of H obtained by adjoining the values of the function p(x)
in the torsion points of C/aQ, with « chosen as above, is the maximal abelian extension
of K.

It is more elegant to suppress the reference to an element « in the theorem above by suitably
normalizing the function p. This normalized p-function, which is defined in section 3, is
called the Weber function.
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Exercises.

1.1.
1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

Prove lemma 1.1. How should the lemma be modified if C is replaced by an arbitrary field?

Show that the closure C' = {(z,, 2) : > +y* = 2°} C P*(C) of C in projective 2-space equals
C U (1,4,0) U (1, —14,0) under the identification of C* with {z # 0}, and that the algebraic
map g : P*(C) — C given by g(z,y) = (2zy, z® — 3, z* + 3°) is bijective. Conclude that C'
is homeomorphic to the Riemann sphere P'(C). [Note that this is in accordance with the
construction of C by glueing two copies of C along a branch cut: C' must be homeomorphic
to 2 Riemann spheres glued along a branch cut, i.e. to a sphere.]

Show that any integral of the form [ R(t,v/1 — t?)dt with R rational becomes rational after

1—22
1422

the substitution ¢t = 1?:922 ort=

What is the relation with the previous exercise?

Construct a compactification C/27Z of C/27wZ by adding two points ico and —ioco ‘at infinity’
and show that the map ¢ : C — C/27Z can be extended to a homeomorphism C' — C/27Z,
where C is the projective closure of C.

(Periods of meromorphic functions.) Let f be a meromorphic function on C. A number
w € C is said to be a period of f if f(z4+w) = f(z) for all z € C. Let A be the set of periods
of f, and suppose that f is non-constant.

a. Prove that A is a discrete subgroup of C.

b. Deduce that A is of one of the three following forms:

A ={0} A=7Zw (w#0) A =72w, & Zw, (with C = Rw; + Rws)

Let f be a meromorphic function with non-zero period w and define ¢ = ¢q(z) = e?rizlw,

Prove that there exists a meromorphic function f on C* such that f(z) = f(q), and show
that the ordg(f) = ord.(f) for all z € C.

(Legendre normal form) Show that an elliptic differential dt/+/ f(t) remains elliptic under a
Moébius transformation ¢ — ‘clttig Deduce that f has the form f(t) = ct(t — 1)(t — \) after a
suitable transformation. Show also that there exists a Mdbius transformation that brings f

in the form f(t) = (1 — t*)(1 — k*t?).

Let f € C[t] be a polynomial of degree d, and let Si(«) be defined as in (1.2). Show that
any integral of the form f BWdL with R rational can be written as the sum of an algebraic

V £(®#)

function F'(t)4/ f(t) and a finite linear combination of integrals in the set
{S-1(@)}acc U {(Sk(0)}1_3.

[Hint: If f =Y. ci(t — @)’, then (z — )"/ f(z) = ijo(n + 1i)ciSn—1+4i(a).]
Let k € (0,1) be given and define the map ¢ : H — C on the closed upper half plane by

(" dt
B(x) = /0 N0

9
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(Here integration is over a path in H and the integrand is given the value 1 in 0.)

a. Show that ¢ maps the (open) upper half plane in C holomorphically onto the interior
of a rectangle in C with vertices ¢(—1) and ¢(1) on the real axis and vertices ¢(—1/k)
and ¢(1/k) in the upper half plane.

b. Make appropriate branch cuts and show that ¢ has a natural extension to a smooth
curve in P?(C) when its values are taken in C/A, where A is the rectangular lattice
generated by 4¢(1) and 2(¢(1/k) — ¢(1)).

Define the complete elliptic integrals of the first and second kind with respect to the modulus
k are defined as

_ ! dx
K(k)_/o VA —22)(1 - k?a?)

E(k) :/ V(1 —22)(1 — k222?) dz.

c. Show that ¢(1/k) — ¢(1) = iK (k), where the complementary modulus k' is defined by
k* + k'* = 1. Conclude that A is generated by 4K (k) and 2iK (k).
[Hint: use the substitution x — (1 — k"?2%)71/2]]

d. Prove the identities:

/2 do /2
K(k) = / ————— and FE(k)= / 1 — k2sin® 0 df.
0 1 — k2 sin? 0

1.10.Show that the arclength of the ellipse (x/a)® + (y/b)®> = 1 with a > b > 0 is equal to
4aE(y/1 — (b/a)?).

1.11. A lemniscate of Bernoulli is the set L of points X in the Euclidean plane for which the product
of the distances X P1 and X P>, with P, and P» given points at distance P1 P> = 2d > 0, is
equal to d?.

a. Show for a suitable choice of coordinates, the equation for L is (z* +y*)* = 2% — ¢ or,
in polar coordinates, r? = cos 2¢. Sketch this curve.

b. Show that the arclength of the ‘unit lemniscate’ in (a) equals 2v/2K(1/+/2), and that
this is also the value of the complete elliptic integral 4 f 01 dt

V1-td’

[Note the similarity with the arclength of the unit circle, which is given by 4 f 01

dt ]

i1i-t2'

10
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2. ELLIPTIC FUNCTIONS

In this section we will develop the basic theory of double-periodic functions encountered
in the previous section.

An elliptic function with respect to a lattice A = Zw; + Zws in C is a meromorphic
function f on C that satisfies f(z+w) = f(2) for all w € A. Sums and quotients of elliptic
functions are again elliptic functions, and the set 915 of elliptic functions with period lattice
A is an elliptic function field. It is usually identified with the field of meromorphic functions
on the complex torus 7' = C/A. By Liouville’s theorem, the holomorphic functions in 97,
are the constant functions. Choosing a fundamental parallellogram F' for A, we can count
the residues res,, (f) and orders of vanishing ord,, (f) at points w € F' by evaluating suitable
integrals along OF.

2.1. Lemma. Let f # 0 be an elliptic function modulo A. Then the following holds.
(1) Soerresn(f) =0,
(i) > epordy(f) =0.
(iii) > ,epordw(f) -w € A.

The contents of the lemma can be conveniently rephrased in terms of divisors. A divisor
on T'= C/A is a formal linear combination of points of 7" with integer coefficients, i.e. an
element of the divisor group Div(T') = @,,cr Z - (w). One defines the degree of a divisor
D=3 crnw- (w) as deg(D) = >, nw. An elliptic function f € 9} is determined up
to multiplication by a non-zero constant by the corresponding divisor

(f) =) ordy(f) - (w) € Div(T).

Part (ii) of the lemma states that principal divisors, i.e. the divisors coming from non-zero
elliptic functions, are in the subgroup Div®(T") of divisors of degree zero. Let ¥ : Div(T) —
T be the summation map N - (W) — > 7Ny - w. Then we have a sequence

(2.2) 1— C* — M — Div’(T) =5 T — 0,

and the lemma states that this sequence is exact as soon as we prove that every divisor in
ker ¥ is principal. For this proof, we refer to the exercises.

The number of zeroes (or, equivalently, poles) of an elliptic function f, counted with
multiplicity, is called the order of f. More precisely, it is the degree of the polar divisor
— szordw( £)<0 ord,(f) - (w) of f. By the lemma, any non-constant elliptic function has
order at least 2. We will show that there exists an elliptic functions of order 2 by explicitly
constructing the Weierstrass p-function for A. This is an elliptic function p = pa with
double poles exactly at the points w € A. It is defined by



version January 12, 1999

Here A’ = A — {0}. The convergence of the sum follows from the fact that the sum

Gk(A) = Z wk

weN’

is convergent for k& > 2. For integral k > 2, the series G (A) is known as the Eisenstein
series of order k. Note that G, = 0 for k£ > 1 odd. The periodicity of the p-function follows
from the fact that it is an even function whose derivative p'(z) = =23 (2 —w)™? is
obviously periodic.

2.3. Theorem. The elliptic function field relative to A equals My = C(p,, P )-

Proof. It suffices to prove that an even elliptic function f is a rational expression in g.
When f is even, ord,(f) is even at points w satisfying w = —w mod A and (f) is a finite
sum of the form

() =Y nwlw) + (~w)] =Y nul(w) + (~w) = 2(0)].

We may and do assume that no term with w = 0 occurs in the last sum. The functions f
and [],(p(z) — p(w))™ have the same divisor, so their quotient is a constant. O

The function ¢’ is an odd elliptic function with polar divisor 3 - (0), so its 3 zeroes are the
3 points w1 /2, wa/2 and w3/2 = (w1 + w2)/2 of order 2 in C/A. The even function (p’)?
has divisor 25’:1[2 - (w;/2) — 2+ (0)], so the preceding proof and a look at the first term
of the Laurent expansion of (p’)? around 0 show that we have a differential equation

(¢'(2))* =4 H(@(Z) — p(wi/2))

As the Laurent expansion of p around 0 has no constant term, the function (p’)? — 4¢3
has a pole of order 2 only at 0, whence g; = 0. The cubic polynomial in @ on the right
hand side has distinct zeroes since the functions p(z) — p(w;/2) have order 2 and a double
zero at w; /2. Consequently, its discriminant A is non-zero. A more careful analysis of the
differential equation using the Laurent-expansion
1 .- 2n
p(z) =5+ > (20 +1)Gania(M)z

=1

for p(z) around z = 0 yields the following explicit expressions for the coefficients g and
g3 in terms of A.

2.4. Theorem. The p-function for A satisfies a Weierstrass equation
(@\)2 = 4@?\ — 92007 — 93

12
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with coefficients go = g2(A) = 60G4(A) and g3 = g3(A) = 140G6(A). The discriminant
A(A) = g2(A)3 —27g3(A)? does not vanish.

One deduces from this differential equation that the Eisenstein series G (A) are universal
rational expressions in go(A) and gs3(A). It also follows that we have constructed the kind
of map that was informally discussed in the introduction.

2.5. Theorem. Let A C C be a lattice and E C P?(C) be the elliptic curve with
Weierstrass equation Y27 = 4X3 — go(A)X Z? — g3(A)Z3. Then there is an analytic
isomorphism C/A — E defined by z — [p(z) : ¢/(2) : 1] for z ¢ A and 0 — [0: 1:0].

By this isomorphism, we obtain an abelian group structure on E such that [0 : 1 : 0] is the
unit element of E. It has the following nice geometric interpretation. Let L C P?(C) be
the line with equation aX + bY + ¢Z = 0. Then L N E consists of three (not necessarily
distinct) points Py, Py, Ps, and 2.1 (iii) applied to the elliptic function ap(z) + bp'(z) + ¢
shows that P + P, + P3 = O in the group F. From this it is straightforward to derive the
addition formula for the p-function on C/A — {0}:

i o L () =)
oler+22) = —pla) ~ plea) + 1 (SZIZEE) (a2 s mod ),

Algebraic theory. We have proved that every complex torus is in fact an algebraic
curve, i.e. it is isomorphic to a complex projective curve given as the zero set in P?(C) of a
homogeneous polynomial in C[X,Y, Z]. Knowing this, one can give a much more algebraic
interpretation to everything we did so far. This interpretation uses the Riemann-Roch
theorem [6], which gives for any divisor D on a smooth projective curve over a field K the
K-dimension of the vector space of those K-rational functions on the curve that have polar
divisor at most D. The meromorphic functions on a complex torus 7' are rational in
and ', so they correspond to rational functions on the corresponding elliptic curve under
our isomorphism. The Riemann-Roch theorem tells us that the dimension of the C-vector
space of elliptic functions having polar divisor at most D equals deg(D) for every divisor
D of positive degree. In particular, the space of elliptic functions having at most a simple
pole is the 1-dimensional space of constant functions, and the space of functions having at
most a double pole at z = « is generated by the constant function 1 and a function F' that
is unique up to transformations of the form F' — aF + b. The Weierstrass p-function can
be characterized as the unique elliptic function that has polar divisor 2 - (0) and Laurent
expansion ) |, o ¢ 2" around its pole normalized by ¢_s = 1 and ¢y = 0. The Weierstrass
equation can be seen as a linear dependency between the seven functions z = o,y =g,
22, 23, xy, y? and 1 in the 6-dimensional space of elliptic functions with polar divisor at
most 6 - (0). Its simple form comes from the clever choice of the coordinates = and y.
The approach via the Riemann-Roch theorem shows that any elliptic curve E over a
field K—this is by definition a smooth projective curve over K of genus 1 containing a
K-rational point O—can be equipped with an abelian group structure such that O is the

13
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neutral element. One considers the algebraic analogue
1 — K* — K(E)* — Div’(E) — Pic’(E) — 0

of the sequence (2.2), in which K(F) is the field of rational functions on F (the function
field of E) and the degree 0 part Pic’(F) of the divisor class group Pic(E) is defined by
exactness. The Riemann-Roch theorem implies that the map Pic’(E) — E sending the
class of (P)—(O) to P for any point P € E is a bijection (see the exercises). The resulting
group structure on E has the same geometric interpretation as the one we gave in the
complex case. If z,y € K(FE) are functions having polar divisor 2 - (O) and 3 - (O)—their
existence is guaranteed by Riemann-Roch—then there is, by the same argument as before,
a general Weierstrass equation

y2 + a2y + azy = a0x3 + a2x2 + agx + ag

with ag # 0. One can show that the map E — P?(K) mapping points P € E different
from O to [x(P),y(P),1] and O to [0, 1,0] establishes an isomorphism between E and the
projective curve in P?(K) defined by the Weierstrass equation above.

Exercises.

2.1. Show that a non-constant elliptic function assumes every value on the Riemann sphere in
some point on the torus.

2.2. (Multiplicative construction of the p-function.) The Weierstrass o-function for a lattice A is
defined by
— _ 2\ o(2/w) 5 (2/w)?
= = 1—— 2 X
o(z) = on(2) =z q (1-=)e
weAN’

a. Show that oa(z) is an odd holomorphic function on C with simple zeroes at all w € A,
and that (2—22 logoa(z) = —pa(2).

b. Show that for each w € A, there exist constants a,b € C such that o(z+w) = e** ™00 (2)
for all z € C. [Such a function is called a theta function with respect to A.]

c. Prove the identity

Cola :_o(z—a)a(z+a) a
@(Z) p() O'((I)QO'(Z)Q ( QA)

2.3. (Degeneracy of the p-function.) Let w be an element in C\ R.
a. Show that

t]irgo Pit.wi] (Z) - ?

for z € C*, and that
3

lim g i(2) = ——— 4+ =
poroo P11 1(2) sin?(nz) 72

14
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for z € C\ Z. Show also that the convergence is uniform on every compact subset K of
C* and C\ Z, respectively.

b. What are the degenerate forms of the function o(z) corresponding to the two cases in
a, and which identities replace that in part ¢ of the previous exercise?

c. Explain why these two forms of degeneracy are called additive and multiplicative, re-
spectively.

Show that the sequence (2.2) in the text is exact.
[Hint: if Y nw =Y nw-w=0,then [[ o(z —w)™ is elliptic with divisor ) n.(w).
If > nw-w=A€A, add the trivial divisor (0) — (X).]

Prove the duplication formula for the p-function:

ot22) = 200+ (52

and show how it can be used to write p(2z) as a rational function in p(z).

Show that the derivative of the p-function satisfies

oy _0(22)
p() 0'(2)4'

Let E be an elliptic curve over a field K. Show that the map Pic’(E) — E sending (P) — (O)
to P is a bijection, and that the induced group structure on F is such that any three points
on F that are collinear under the Weierstrass-embedding in P?(K) have sum 0.

[Hint: use Riemann-Roch to show that every divisor D of degree 0 is equivalent to a divisor
(P) — (O) and to show that (P) and (Q) are equivalent if and only if P = Q.]

The Weierstrass (-function for a lattice A = Zw + Zws in C is defined as ((z) = < log o (2).
a. Show that ((z) has a partial fraction expansion

b. Show that there exists a linear function n : A — C such that {(z + w) = ((2) + n(w) for
w € A and z € C, and that n(w) = 2¢(w/2) if w # 2A.
The numbers n; = n(w;) (i = 1,2) are the quasi-periods of ((z).
c. Prove the Legendre relation niwe — n2w1 = +2mwi. What can you say about the sign?
[Hint: the right hand side equals f ¢(z)dz around a fundamental parallelogram.]
d. Show that o(z 4+ w) = +e"@) /2 5(%). What can you say about the sign?

(Weil reciprocity law.) For an elliptic function f and a divisor D =, 1y - (w) € Div(T)
on the complex torus T', we let f(D) = Hw f(w)" € C. Prove that for any two elliptic
functions f and g with disjoint divisors, we have

f((9)) = g((f))-
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[Hint: write f and g as products of o-functions.|

2.10.Let G = Z ~k be the Eisenstein series of order k, and define G2 = G; = 0 and
Go = —1.
a. Show that (k —1)(k —2)(k — 3)Gx =6Y_"_ (j — 1)(k — j — 1)G;Gk_; for all k > 6.
[Hint: " = 60> — 30G4.]
b. Show that Gg = %Gi, Gio = 15—1G4G6 and Gi2 = %G% + %GZ and that, more
generally, every HEisenstein series can be computed recursively from G4 and Gg by the

weAN’ w

formula
k—4

(6 = 1) (k= 6)Gr =6 (j—1)(k—j—1)G,;Gx_j.

j=4

2.11. View Gj as a modular form of weight k£ on the upper half plane. and write go = 60G4 and
gs = 140G6

a. Show that A = g5 — 27¢2 is a modular form of weight 12 that does not vanish on the
upper half plane.

b. Prove that A is a cusp form.

c. Show that every modular form is a polynomial in g2 and g3 with coefficients in C.

d. Show that g2 and g3 are algebraically independent over C. Conclude that the graded
algebra M = @, M of modular forms is isomorphic to the graded polynomial ring
C[X,Y] with weight(X) = 2, weight(Y) = 3.
[Hint: the zeroes of g2 and g3 are distinct.]

2.12.Show that an elliptic curve over a field K of characteristic char(K) # 2,3 can be given by
an affine Weierstrass equation y? = 23 — ayx — ag with 4a3 — 27a2 # 0.

16
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3. MAPS BETWEEN ELLIPTIC CURVES

We have seen in the previous section that for every lattice A C C, the torus C/A is
isomorphic to the elliptic curve Ey C P?(C) with affine Weierstrass equation

(3.1) Y2 =4X3 — g2 X — g3,

where g, and g3 are normalized Eisenstein series of order 4 and 6 with respect to A. By
the Riemann-Roch theorem, every elliptic curve E over a field K of characteristic different
from 2 or 3 is given by a Weierstrass equation of the form (3.1) with gs,935 € K and
g5 — 2793 # 0. If K = C, then the following theorem shows that £ comes from a lattice.
The proof will be given in the next section as an application of the j-function.

3.1. Uniformization theorem. Let E be an elliptic curve over C. Then there exists
a lattice A C C, unique up to multiplication by a constant in C*, such that there is an
analytic isomorphism C/A — E.

If A and M are lattices in C, then the analytic maps C/A — C/M preserving the origin
and the algebraic maps Fx — FE)j; preserving the unit element coincide, and they are easily
described as coming from multiplication by elements in C.

3.2. Lemma. There are natural bijections between the following three sets:
(i) {a€eC:aAC M};

(ii) analytic maps C/A — C/M mapping 0 to 0;

(iii) algebraic maps Ex — Fj; mapping Oy to Oyy.

The essential step in the proof consists of showing that every map in (ii) comes from a
multiplication by some a € C. This is done by lifting such a map to an analytic map
C — C and observing that the derivative of this map is a holomorphic elliptic function,
whence constant. O

In conjunction with the uniformization theorem, the lemma implies that the categories of
complex lattices, complex tori with ‘origin’ and elliptic curves over C are equivalent when
the appropriate morphisms between the objects are considered. As morphisms between
groups admit a natural addition, the sets of morphisms in the lemma are actually groups.
It follows from the description in (i) that morphisms between elliptic curves over C are
homomorphisms. This is an algebraic fact, and it is true over any field K.

It follows from the lemma that two elliptic curves Ep and Ej; are isomorphic if and
only if M = aA for some o« € C*. In that case we say that A and M are homothetic.
In terms of the Weierstrass equation 3.1, we see that two Weierstrass equations with
coefficients g2, g3 and g5, g5 yield isomorphic elliptic curves E and E’ if and only if there
exists o € C* such that g, = atg) and g3 = a®g}. Note that this proves the uniqueness
part in the uniformization theorem. As a lattice A is uniquely determined by the values of
g2(A) and g3(A), we also find the characterization of the j-function mentioned in section 1.

17
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3.3. Theorem. Define the j-invariant of an elliptic curve E with Weierstrass equation
3.1 as

g5 95
o= 172822 — 179872
JE A g5 — 2793

Then Q(jg) is the minimal field of definition for E. Two elliptic curves over C are
isomorphic if and only if their j-invariants coincide.

The maps in 3.2(iii) are called isogenies between elliptic curves. If there exists a non-zero
isogeny ' — E’, then E and E’ are called isogenous. From the complex description of
isogenies it is clear that they are always surjective with finite kernel if they are non-zero.
The order of the kernel is the degree of the isogeny. The degree of the zero-isogeny is 0 by
definition. This notion of the degree coincides with the definition in algebraic geometry,
where the degree of an isogeny f : EF; — FE5 is defined as the degree of the extension
f*K(E2) C K(E,) of the corresponding function fields.

The endomorphisms of an elliptic curve form a ring. If E = FEj, then End(F) is
isomorphic to the multiplicator ring O(A) = {z € C : xA C A} of A. Since lattices are
only interesting up to homothety, we can always assume that A = [1,7] = Z + Z7 with 7
in the upper half plane.

3.4. Theorem. Let A = [1,7] be a lattice and E = E the corresponding elliptic curve.
Then the endomorphism ring End(FE) is isomorphic to Z unless T is imaginary quadratic.
In the last case End(F) is an order O in Q(7) and A is a fractional O-ideal.

Elliptic curves with endomorphism ring strictly larger than Z are said to have complex
multiplication. As a corollary, we see that the automorphism group Aut(F) = (End(E))*
of an elliptic curve is finite and usually of order 2.

3.5. Corollary. The automorphism group of an elliptic curve E is a finite cyclic group

of order
2 ifj#0,1728;

HAW(E)=<4 ifj=1728;
6 ifj=0.
The two exceptional cases occur for curves having complex multiplication by i (then g3 = 0)
or a third root of unity p (then g = 0). The Weber-function ha(z) mentioned in section 1,
which is defined accordingly, is a normalized version of the Weierstrass function that has
the important property of being invariant under all isomorphisms between elliptic curves,
i.e. it satisfies hop(az) = hp(z) for all @« € C*. The Weber functions will be studied in
detail in the next sections. One defines

—273% 8282 () if j(A) # 0,1728;
h(z) = ha(z) = { 2831%20(2)2  if j(A) = 1728;
—2936% ()3 if j(A) = 0.

As in the case of the j-function, the normalizing numerical factors are only there to en-
sure that the Weber functions have integral Fourier expansions. On the elliptic curve
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E = Ej with Weierstrass equation 3.1, the function hy(z) = hg(z) is a normalized z-
coordinate. It does not depend on the isomorphism class of E and provides a bijection
E/Aut(E) = P(C).

If E = E\, the isogenies f € End(FE) correspond to a € O(A) and the algebraic nature of
these isogenies has the following formulation in terms of the Weierstrass p-function.

3.6. Theorem. For every a € O(A) — {0} there exist coprime polynomials A, B € C[X]
of degree N = aa and N — 1, respectively, such that o = @, satisfies

Ap(2)
ol02) = B

Proof. The Laurent series around z = 0 shows that deg(A) = deg(B) + 1. If {a;}¥,
denotes the kernel of multiplication by «, then one easily shows that the zeroes of the
polynomial A(X) — p(az)B(X) € C[X] are given by X = p(z + a;). O

If « =n € Z, then N = n? and the polynomials A and B can be expressed in terms of
division polynomials that can be computed inductively. They are the elliptic analogues of
the cyclotomic polynomials. The exercises give the necessary details.

If N is very small, one can work with power series expansions around z = 0 in order
to find the coefficients. This approach gives a method to compute the j-invariants of some
small quadratic orders. As an example, we compute j(A) for A = Z[\/=2]. In this case
O(A) = Z[/-2] and the previous theorem with o = \/—2 shows that p-function satisfies
an identity of the form

o(V=22) = ap(z) + b+ m

Obviously, we must have a = —1 and b = 0 to have the right polar part. So far, everything
is valid for all lattices AA, so we may assume that G4(A) = G¢(A) = s after replacing A
by a homothetic lattice. We then have Gg = %Gi = %52. Substituting the Laurent series

0(2) = 272 + 3522 + 5sz* + 35220 + ..
in the relation (p(v/=22) + 1p(2))(cp(z) +d) = 1 yields equations

9¢cs = -2 5cs = ds 5ds = 8c¢s?,
from which one easily deduces that s = 25/8. It follows that

(60s)3

= 8000 = 20°.
(60s)3 — 27(1405)2

j(v=2) = 1728
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Exercises.

All elliptic curves in these exercises are supposed to be defined over C unless stated otherwise.

3.1.

3.2.

3.3.

3.4.

3.9.

3.6.

3.7.

3.8.

Let E1 and E3 be isogenous elliptic curves.
a. Show that there exists lattices L; such that Ly C Ly and E; 2 C/L; (i = 1,2).
b. Deduce that Hom(E1, F2) = Z unless E1 and F> have complex multiplication by an
order in the same quadratic field.

Let O be an order in an imaginary quadratic field. Show that there is a bijection between the
class group CI(O) and the set of elliptic curves E (up to isomorphism) having End(F) = O.

Prove: if E and E’ are defined over a field K of characteristic 0 and they are isomorphic as
elliptic curves over the algebraic closure K, then they are already isomorphic as elliptic curves
over an extension of degree at most 6 of K. Show that degree 2 suffices if End(FE) 2 Z.
[Hint: reduce to the case K C C. This reduction is known as the Lefschetz principle.]

Show that the degree map End(E) — Z coincides with the norm map N : O — Z if E has
complex multiplication with the imaginary quadratic order @. Show also that an isogeny
E — E’ of elliptic curves of degree N gives rise to a function field extension K(E') C K(FE)
of degree N.

[Hint: adapt the proof of theorem 3.7 to show that the z-coordinate on F is a rational
function R in the z-coordinate on E’, where R has numerator and denominator of degree N
and N — 1.]

(Dual isogenies.) Let f : E1 — FEs be an isogeny of elliptic curves. Show that there exists
an isogeny f : Eo — FEi such that fo f € End(E) is the map given by multiplication by the
degree deg f.

Show that every morphism f : E — E’ between elliptic curves (in the sense of algebraic
geometry) is of the form f(P) = g(P) + A with g an isogeny and A € E’ a point depending
only on f.

Show that every non-constant solution to the differential equation (y')* = 4y — g2y — g3
with g5 — 27¢3 # 0 is given by y(z) = pa(z + a) with a € C a constant and A the lattice
with ¢gi(A) = g; (¢« = 2,3). Which are the constant solutions? What are the solutions if
g5 — 2793 = 07

[Hint: in the singular case one has to distinguish g2 = g3 = 0 and g293 # 0. Look at exercise
2.3.]

(Division polynomials.) Let o be the Weierstrass p-function on a torus 7'= C/A.
a. Let n € Z~1 be an integer. Show that p(nz) — p(2) has n? double poles, located at the
n-torsion points of T', and 2n? simple zeroes, located at the (n 4 1)-torsion points and
(n — 1)-torsion points different from 0.
b. Prove that there exists an elliptic function ., for each n > 1 that has polar part nzl=m
in the Laurent series around z = 0 and satisfies

Un(2)? =0 [ (0(2) - p(w)).
nww:;é)()eT
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Deduce that

_ () Y1 (2)¥n-1(2)
p(?’LZ) - p( ) wn(z)Q .

[Hint: the factors w and —w give the same contribution to the product for ¥2. If n is
even, the factors with w = —w € T can be combined to yield (p’)*.]

c. Prove that there exist polynomials ¥, (X) € C[X] of degree 1(n®* — 1) (n odd) or
1(n? —4) (n even) and with highest coefficient n (n odd) or —n/2 (n even) such that

= U(p) if n is odd,;
") @ Un(p) if nis even.

Conclude that

Uny1(p)Un—1(p) £ is odd:
()20 (0)2 if n is odd;
() Wni1(9)¥n1(p)

= — U () if n is even.

p(nz) —p(z) = —

d. Show that a point P = (z,y) on the curve Ex with 2P # 0 satisfies nP = O if and only
if Up,(x) =0.

3.9. (Computation of division polynomials.)
a. Show that the first few division polynomials are

v, =1 Uy = —1 W3:3X4_%92X2—393X—%9§
Wy = —2X° + 592X + 1095 X + 593X + 39205 X + 95 — 5305.

Take ¢0 =0= \I/().
b. Show that Ymnlm-—n = Umi1Um-_102 — Ypi1Un_102, for m > n > 0.
[Hint: look at solutions of p(mz) = p(nz).]
c. Set f = 4X® — g2 X — g3 € C[X] and derive the recursion formulas for the division
polynomials:

\I/2n+1 = f2\11n+2\lli — \Ijn—&—l\lln—l n even
=W, 002 — 20, 10, 1 nodd
Uy, = —‘Pn(\I/nH‘I’iA - ‘Ijiﬂ‘pn*?)'

Conclude that the polynomials W¥,, are universal polynomials in Q(g2, g3)[X].
[Hint: use b with (m,n) equal to (n+1,n) and (n+1,n—1) to find analogous formulae
for the functions ,, first.]

3.10.Let E be an elliptic curve over an algebraically closed field of characteristic p > 3. Show
that the n-torsion subgroup F[n] of E is not an abelian group of type n x n if p|n.

3.11.Show that j(/=T) = (~15)% = —3375.
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4. MODULAR FUNCTIONS

In the previous section, we showed that the isomorphism class of an elliptic curve E, for
a lattice A C C is determined by the j-invariant j(A) = 1728¢g2(A)3/(g2(A)? — 27g3(A)?).
As a function on the upper half plane H C C, the j-function is invariant under the action
of I' = SLy(Z), so it has a Fourier expansion in terms of ¢ = 27

4.1. Theorem. The j-function is a holomorphic I'-invariant function on ‘H that induces a
bijection j : T\'H — C. As a function of ¢ = €*"** it has a pole of order 1 with residue 1

at ¢ = 0 and an integral Laurent expansion

2miz

i) =q "+ R(q)  with R(q) € Z[[q]).

Proof. One first derives the Fourier expansions
Gar = 2¢(2k) + 2 i) E
= o
2k 2k — 1) 2k—1(

for the Eisenstein series G4 and Gg. Using the values ((4) = 74/90 and ((6) = 7°%/945
and the observation that 03( ) = 05(n) mod 12 for all n, is it not hard to show that the
discriminant function A = g3 — 27¢2 has a g-expansion of the form

A(q) = (2m)2¢( 1+Z end” (cn € Z).

(Alternatively, one can derive the product expansion A(g) = (27)'2]],~,(1 —¢")**.) One
has 1728¢3 = (2m)2(1 + Y, ~, dng™) with d,, € Z, so the quotient j = 1728¢3/A has a
g-expansion of the required sort. Working out a few coefficients, one finds

R(q) = 7444 196884¢+21493760¢>+864299970¢° +20245856256¢* +333202640600¢° +. . . .

We saw in the previous section that the map j : T'\'H — C is injective. As the image is
both open and closed, it is also surjective. Il

The preceding theorem ‘explains’ the normalizing factor 1728. It also shows that every
complex number is the j-invariant of an elliptic curve, which completes the proof of the
uniformization theorem 3.2.

It can be shown that the factor space I'\'H inherits a natural structure of a Riemann
surface from H, and that the j-function is a complex analytic isomorphism between I'\'H
and C. Thus I'\'’H is an algebraic curve isomorphic to the affine line A*(C). It can be made
into a complete projective curve isomorphic to P1(C) by adding a point oo ‘at infinity’
corresponding to ¢ = 0 under the exponential map g = ™%,

A modular function f is a [-invariant meromorphic function on H that is meromor-

phic at infinity. The last condition means that the Fourier series f(q) = Y.z arg" is
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meromorphic at ¢ = 0. From the point of view given above, modular functions are simply
meromorphic functions on the complete Riemann surface T\'H U {co} = P!(C), and this
explains the following theorem.

4.2. Theorem. The field of modular functions consists of the rational functions in j.

Proof. A modular function only has finitely many poles in I'\'H, so it becomes holomorphic
on ‘H after multiplication by a suitable polynomial in j. As j has a simple pole at oo, one
can now subtract a polynomial in j from the function obtained to make it holomorphic at
oo as well. As a function that is holomorphic on H U {oco} is constant, we are done. U

From the preceding proof one obtains the following important g-expansion principle: every
holomorphic modular function f is a polynomial in j, and the coefficients of this polynomial
are in the additive subgroup of C that is generated by the Fourier coefficients of f.

In order to obtain a richer collection of modular functions than only those in C(j),
we will now consider modular functions of higher level. A function f is said to be modular
of level n > 1 if, first of all, it is meromorphic on H and invariant for a subgroup G C I'
containing the subgroup I'(n) = ker[SL2(Z) — SL2(Z/nZ)]. Moreover, one requires that
for each v € T, the Fourier expansion of f(7z) in C((¢*/™)) has a pole of finite order at
¢'/™ = 0. If f is modular of level n, then so is f o+ for every v € T. Indeed, for o € T'(n)
and v € I' we have yoy~! € I'(n) by normality and therefore

for(oz) = (foryoy ) (yz) = for(z).

Thus I operates as a group of automorphisms on the field F,, of modular functions of level
n. The subfield F; = C(j) is invariant under I.

If f is modular of level n for a subgroup G O T'(n), then the I'-orbit of f is finite
and consists of the functions f o7 with 7 ranging over a set of representatives of the right
cosets of G in I'. These functions are transitively permuted by I', and the polynomial
[[(X — for)isin C(j) as its coefficients, being symmetric expressions in the functions
f o7, are '-modular functions. It follows that F, /F; is a normal algebraic extension on
which I'/T'(n) acts as a group of automorphisms with fixed field F;. Before we proceed to
give generators for the extension and an explicit description of Gal(F,,/F1), we study two
modular functions of level n in some detail. The irreducible equations of these functions
have coefficients in Z[j] and will be used in the next section to prove algebraicity and
integrality statements for special values of the j-function itself. Their reduction modulo
primes p will also play a key role.

n 0

01). This is a modular

For n € Z, consider the function j(nz) = (j o 0,,)(z) with o, = (
function of level n for the congruence subgroup

a b

Co(n) :UTZIFU”HF:{(C d

)EF: ¢ =0 mod n}.
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Let A, be the set of primitive integral matrices of determinant n. If A’ C A are two
lattices in C, then A/A’ is cyclic of order n if and only if A’ = aA for some a € A,,. By

the elementary divisor theorem, this implies that A,, = 'o,,I" with o,, = (8 ? )

4.3. Lemma. Define the finite set A, C A,, by

a b

A, = A, 0<b<d}.

{<0 d) < sb<d}

(i) The set A,, is a disjoint union of I'-cosets A, = Uyeca,l'a that are transitivily per-
muted under the natural right action of T'.

(ii) The elements of A,, correspond to the right cosets of I'g(n) in T under o — o, 'ToNT.

It is shown in the exercises that the order ¢ (n) = [I' : T'g(n)] of 4,, is a multiplicative

n)=mn- Hp|n(1 +p7 1.

If n = p is prime, one has 4, = {o;},_, with o; = (1;) for 0 <i<p—-1ando,= (8(1)).
The functions j o o for o € A,, are transitively permuted under the right action of
[' and form the I'-orbit of the function j(nz). Thus, the coefficients of the n-th modular

polynomial

function given by

0, (X) = 0n(X,j) = [[ (X —joo)
ocEA,

are holomorphic modular functions in C[j]. Fixing a root of unity ¢,, = ¢*™/™ € C, one has

exp(2mi “Z+b) (abq?/d = b */m and for each o = (5 d) € A,, a meromorphic g-expansion

e (3 Z))(g) = (' R(CH™) € ZIG) (™).

By the g-expansion principle, the coefficients of ®,,(X) are in Z[(,,j|]. Performing an
automorphism ¢, — ¢}, on the coefficients of their g-expansion transforms (j o (§ 2))((])

into (j o (§ Tb))(q). It follows that ®,, is in Z[X, j]. It has the following properties.

4.4. Theorem. For every integer n € Z~; the following holds.
(i) @,(X,j) is the irreducible polynomial of j o o, over C(j);

(if) @n(X,7) = Pn(4, X) € Z[X, j];
(iii) ®,,(4,7) € Z]j ] has highest coefficient £1 when n is not a square;
(iv) @,(X,j) = (X — jP)(XP — j) mod pZ[X, j] if p is prime.

Proof. The irreducibility of ®,,(X) follows from the fact that its zeroes are distinct and
conjugate over C(j).

As the matrix (32) is in A,, one has ®,(j(z/n),j(z)) = 0 for all z, so ®,(j, X) has
a root j(nz) and is therefore divisible by ®,,(X, 7). The quotient g(X, j) is in C[j, X] by
Gauss’s lemma and satisfies g(X, 7)g(j, X) = 1, so its equals +1. The possibility —1 only
occurs when ®,(j,7) =0, i.e. for n = 1.
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If n is not a square, the polar terms ¢! and Cd_bq_az/" inj—jo (SZ) do not cancel

for any (82) € A, so the highest coefficient of ®,,(j, j), which is the lowest coefficient of
the g-expansion of [[(j — j o @), must be a root of unity in Z.

For the Kronecker congruence (iv) one observes that the g-expansions of the zeroes
joo; (0<i<p)of &,(X) satisfy

(Jo0p)(q) = i(¢") = j(g)” mod pZ((q))
(o oi)(a) = 4(¢pa"?) = j(a"/?) mod (1 = G)ZIGN((@"7))  (0<i<p).

It follows that the coefficients of the polynomial ®,,(X)— (X —j7)(X? —j) are holomorphic
modular functions with g-expansions in (1 — ¢,)Z[¢,]((¢"/?)) N Z((¢)) = pZ((q)). By the
g-expansion principle, they are in pZ[j]. O

A similar treatment can be given to the I'g(n)-modular function

This is again a I'g(n)-modular function, as is easily verified. Under the action of I', the
orbit of I' consists of the functions

_(800)(=1)
NG

with o € A,,. For o = (82) one has ¢,(z) = a'?A(02)/A(z). As for j(nz), one can define
a polynomial

U, (X)= ] (X -¢,) € Z[X,j].
occA,

Its constant coefficient has a simple form if n is prime.

4.5. Lemma. For p a prime number the product ngAp ¢o(2) is constant and equals

(-1

Proof. The product is a polynomial in 7 whose g-expansion begins with the constant term
—1 . _

PP IIS ¢ = (=P~ 'p'2. 0

There is the following congruence property for the ¢-functions. It will be used in the next

section.

4.6. Lemma. Define for p a prime number and A, = {o;}_, the polynomial

FX,Y)=Y (X—joo) [[(Y = ¢,)-

i=0 j#i
Then F(X,Y) is in Z[X,Y, j| and one has the congruence
F(j7,Y.j) = 0 mod pZ[Y. j).
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Proof. The proof is analogous to that for the Kronecker congruence for ®, and deduces
the congruence from the corresponding congruence for the g-expansions. 0
In order to find generators for the full modular field Fy, we use the Weber function from

section 3. When defined with a proper normalizing factor as

hi 7 (w) = —2735%@[1,7}(“))7

27T

it has an integral expansion in terms of ¢ = e and ¢, = > which is given by

hu(w) =Plg) [1+12) kel +12 > kg™ (g + ¢," — 2)
k=1 k=1

for some power series P(q) € q + ¢*Z[[q]]. We consider hj; ,j(w) as a function of 7 and
evaluate it for w a torsion point of the lattice [1,7]. Thus, for t = (¢1,t2) a non-zero
element of Q2/Z2, the Fricke function f; is defined as

ft(T) = h[l,r} (tlT + t2>
If ¢ has order n in Q2/Z?, then f; is said to be primitive of level n. The natural right
action of I' on the Fricke functions is as follows.
4.7. Lemma. Fory €I and t € Q*/Z? non-zero one has f;(y7) = fi,(7).

Proof. For vy = (22) the homogeneity property g1 (k~12) = k~2pn(2) of the p-function
yields

ar +b
ct +d

_292(7)g3(7)
A(T)

= fir(7). 0

fi( ) = —273%(cT + d) O(ertay-1 1, ((er + d) " (t1 (a7 + b) + ta(er + d)))

By the lemma, all Fricke functions of level n are I'(n)-invariant. An inspection of the
g-expansion of f, = h,(e?*™%2'q™) shows that the Fricke functions of level n are modular
functions of level n.

4.8. Theorem. The Fricke functions f;, with t ranging over the n-torsion elements
in Q?/Z?, generate F, over Fy = C(j). The natural action of I' on F, induces an
isomorphism

Gal(F,,/F1) =2 SLo(Z/nZ)/{+1}.
Proof. An element v € I that acts as the identity on F,, must fix f;/, 0 and fo1/,. As
fi = fu if and only if t = £u € Q?/Z? , this implies that v = 1 mod I'y(n). It follows
that the group I'/ £T'g(n), which is isomorphic to SLo(Z/nZ)/{£1} by exercise 4.2, maps
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injectively into Gal(F,,/F1). As the fixed field of the image is F;, we have an isomorphism.
0J

The Fricke functions of level n have g-expansions with coefficients in Q((,), so they are
algebraic over Q(j) and one can sharpen the preceding theorem by giving the Galois group
of the modular function field F;, of level n over Q(j).

4.9. Theorem. Let F,, be the extension of Q(j) that is generated by the Fricke functions
ft, with t ranging over the non-zero elements of %ZQ /Z?. Then the natural action of
GL3(Z/nZ) on 72 /Z? induces an isomorphism

Gal(F,/Q(j)) = GLy(Z/nZ) /{+1}.

The subfield corresponding to SLo(Z/nZ)/{+x1} is Q((n, 7). This is the algebraic closure
of Q in F,,, and the action of ¢ € GLy(Z/nZ) on a root of unity is given by o((,) = (3°t7.

Proof. We have an injection F,, C Q((n,q'/™) coming from the g-expansions. Let oy
for d € (Z/nZ)* be the automorphism of Q((y,q'/™) that acts on Q((,) by ¢, — ¢4 and
maps Y, cxq"/™ to >, oa(ck)g®/™. This induces an automorphism of F,, since one sees
from the g-expansions that oq(f(+, t,)) = f(t1,dt,)- 1t is an element of Gal(F,/Q(j)) as 04
is the identity on Q(j) C Q((q)). Obviously, o4 is represented by the matrix (é 2), and we
have obtained H,, = {((1)2) :d € (Z/nZ)*} as a subgroup of Gal(F,/Q(7)).

By the previous theorem, we have an inclusion SLs(Z/nZ)/{£1} C Gal(F,/Q(j)),
and the fixed field of this subgroup is K (j), with K the algebraic closure of Q in F,,. From
K C Q(¢n, q'/™) we obtain K C Q((,). As the short exact sequence

0 —> SLo(Z/nZ)/{£1} — GLo(Z/nZ)/{£1} &5 (Z/nZ)* — 0
is split by (Z/nZ)* — H,, we have Gal(F,,/Q(j)) = GLy(Z/nZ)/{*1} and K = Q((,)
by degree considerations, and the action on the roots of unity follows is as stated. 0

Now that we know the full Galois group G,, = Gal(F,,/Q(j)), it is not hard to identify the
subfields corresponding to various subgroups. The function j(nz) is I'g(n)-modular and
H,-invariant as it has a rational g-expansion. Its degree over Q(j) is ¥(n), so we conclude
that we have a Galois correspondence

QUdon) = {(§ )€

An element in this Galois group maps fi/n,0 t0 fa/n,b/n, S0 We find the field of modular
functions in F,, with rational g-expansion to be

Q(]v] O On, fl/n,O) — Hp.

The smallest normal subgroup in {(8 2) € G, } consists of multiples of the identity, so we

also have
a 0

Q(j,joa:aeAn)H{<0 ) € Gn}t = (Z/nZ)" J{£1}.

a
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Exercises.

4.1.

4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

Let ¢y(n) = [[': To(n)] = #An.
a. Show that ¢(n) = de ¢(:)d with e = ged(n/d,d), and that v is a multiplicative
function.

b. Show that ¥ (n) =n - len(l +ph).

Let n € Z~1. Show that the natural map SLy(Z) — SLix(Z/nZ) is surjective for every
k> 1
[Hint: it suffices to show that all diagonal matrices are in the image.]

Compute the order of SLy(Z/nZ) for arbitrary k, then show that #SL2(Z/nZ) = né(n)p(n)
and derive the formula for ¢(n) from this.

Show that I' acts properly discontinuous on H, i.e. that every z € H has a neighborhood U
such that for every v € I' we have

YUNU # ) < vz = 2.

Deduce from this that j'(z) # 0 unless z has a non-trivial isotropy group in I' = T'/{+id},
i.e. z is in the orbit of i or p = €>™/3. What are the orders of vanishing of j'(z) at z = i and

z=p?

(Picard’s theorem) Show that a non-constant entire function assumes all values in C with at
most one exception.

[Hint: if f does not assume the values 0 and 1728, there exists a holomorphic function
g: C — H such that f =jog.]

Let G C IT" be a subgroup of finite index k containing 4 id. Denote by 7;, 1 < i < k, a set of
representatives of right G-cosets in I'.

a. Show that there exists an integer ¢ > 0 such that every G-invariant meromorphic func-
tion f on H has a Fourier expansion in C(g*/?). Show also that f o~ is meromorphic
at infinity for all v € I' if and only if this is true for v =7;, 1 <1i < k.

b. Let Fg be the field of G-modular functions. Show that every v € I' induces an iso-
morphism Fo — F, -1, over C(j), and that Fg is algebraic over C(j) of degree at
most k.

c. Suppose that G = o 'To NT for some o € M, (Q). Show that G is of finite index in T
and that [Fg : C(j)] = [I" : G]. Find a generator of Fg over C(j).

Let E1 and E> be elliptic curves. Prove that ®,(j(E1),j(E2)) = 0 if and only there exists
an isogeny F> — F; of degree n with cyclic kernel.

Let z € H be such that j(z) is a root of the polynomial ®,(j,j) € C[j] for some n > 1.
Prove that z is imaginary quadratic and that the lattice [1, z] is an invertible O-ideal for some
quadratic order O that contains a primitive element of norm n. Show that the discriminant
D of O satisfies D > —4n.

Show that F» is generated over C(j) by j(2z) and j(z/2), and that Gal(F2/C(j)) is isomor-
phic to Ss.

28



version January 12, 1999

4.10. Compute the Galois group of F,, over the normal closure of C(j,j o 0,,) over C(j).

4.11.(This exercise requires administrative skills or a computer algebra package.) Show that the
coefficients of the modular polynomial ®2(X,j) = 22:0 a; X" are given by a3 = 1 and

az = — j° + 14885 — 162000
a1 =1488;5% + 40773375; + 8748000000
ao =5° — 16200052 + 87480000005 — 157464000000000,

such that one has

By (z,§) =2° + j° — 2°5% + 1488(2%j + x5°) — 162000(z> + 5°)
+ 40773375 -+ 8748000000(x + ) — 157464000000000.

Check that ®2(j, j) = —j* + 29785 + 4044937552 + 17496000000 — 157464000000000 factors
as

®(j,5) = —(j — 8000)(j — 1728)(j + 3375)
and interpret the zeroes.
4.12.Show that Q(j,7 0 0n) = Q(j, #n) with ¢, (2) = n'*A(nz)/A(2).

4.13.Show that UpF,» is a Galois extension of C(j) with group SL2(Z,)/{£1}. What is the
Galois group of F = U, F, over C(j)? What are the corresponding statements over Q(j) for
the fields F3,7

4.14.Let E be an elliptic curve with transcendental j-invariant jg, defined over Q(jgr). Let
K = Q(jg, E[n]) be the extension obtained by adjoining the coordinates of all n-torsion
points of E to Q(jr).

a. Show that K is a finite normal extension of Q(jg).

b. Show that every automorphism 7 of C over Q(jg) yields an automorphism of the
group E[n] = (Z/nZ) x (Z/nZ), and that this defines a homomorphism G(Q(jr)) —
GL2(Z/nZ) on the absolute Galois group G(Q(jE)) of Q(jE).

c. Show that the homomorphism in b is surjective and induces an isomorphism

Gal(K/Q(jr)) — GL2(Z/nZ)

for the field of n-torsion points. Show also that Q((,) is the algebraic closure of Q in
K, and that the action of of o € Gal(K/Q(jr)) on Q((») is given by o((n) = (a7,

4.15. (Weil pairing.) For an elliptic function f and a divisor D = »_ .1y - (w) € Div(T) on
the complex torus T, we let f(D) = [[ f(w)" € C as in exercise 2.8. If D; and D; are
divisors without common points such that n - D; = (f;), we define

_ [i(D2)

(D1, D2) = f2(D1)
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a. Show that (D1, D2) only depends on the equivalence class of D1 and D5 in Div(T") /903,
and that a skew-symmetric pairing

En[n] x Ex[n] — (Cn)

is induced on the n-torsion points of Fx.

b. Let [w1,w2] be an oriented basis for A, and denote by P; and P> the torsion points on
Ea coming from wi/n and wa/n. Show that (Py, P;) = e~ 2™/™ and deduce that the
pairing is non-degenerate.

[Hint: use the Legendre relation.]

c. Let 0 € GL2(Z/nZ) act in the natural way on Ea[n] = (Z/nZ) - P, & (Z/nZ) - P> .
Show that (o P1,0P2) = (P, P2>de“’ and use this to give an alternative proof for the
last statement of the previous exercise.

4.16. (Weil pairing again.) Let E be an elliptic curve defined over K = Q(jg) and n > 1 an
integer. Let T' € E[n] be a point of order n and T’ € E a point satisfying nT" = T.
a. Show that there exist f,g € K(E) with divisors div(f) = n((T) — (0)) and div(g) =
ZPGEM]((T’ + P) — (P)) such that f(nz) = (g(z))". Deduce that e(S,T) = g(z +
S)/g(x) is an n-th root of unity for every point S € E[n].
b. Show that (S,T) — e(S,T) is a skew-symmetric pairing

En[n] x Ex[n] — (Cn)

that is Galois equivariant, i.e. e(0S,0T) = oe(S,T) for all ¢ in the absolute Galois
group Gal(K/K) of K. What is the relation with the previous exercise?

[Hint: in order to obtain e(7,T) = 1, observe that the functions H;:Ol f(x —1iT) and
HZ:Ol g(x — iT") are constant, so g(x) = g(x —T). If g(x + S) = g(x) for all S € E[n],
then g(x) = h(nz) and T = 0.]
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5. COMPLEX MULTIPLICATION

In this section we will use modular functions to generate class fields of imaginary quadratic
fields. The proofs we give here are the classical proofs based on the congruences for modular
polynomials derived in the previous section by analytical means, i.e. in terms of Fourier
expansions.

An element 7 € H for which Q(7) is imaginary quadratic is called a singular modulus.
The singular moduli are exactly those elements 7 € H for which the corresponding lattice
[1, 7] has complex multiplication.

5.1. Lemma. Let 7 be a singular modulus and ¢ € A,, a primitive matrix of determi-

nant n. Then j(7) and ¢, () are algebraic integers, and ¢, (1) divides n'2.

Proof. If 7 is an integral element of K = Q(7), the lattice [1, 7] is an order O of index f
in the ring of integers Ox = [1,wk] of K. The element a@ = fwy € O is primitive, and
its norm n is not a perfect square in Z if we choose wg appropriately. As aQ is a cyclic
sublattice of O of index n, we have 0 = ®,,(j(«0), j(0)) = ¢,(4(0),4(O)),s0 j(1) = j(O)
is the root of a monic polynomial in Z[X] by 4.4. For the general case, one can choose an
integer k£ > 0 such that k7 is integral. The relation ®4(j(7),j(k7)) = 0 shows that j(7) is
integral over Z[j(k7)], whence over Z.

Integrality of ¢, (7) is immediate from the integrality of ¢,, and its conjugates ¢, over
Z[j] proved in the previous section. If o has determinant n, there exists o’ € A,, such that

oo = (83), and the product of algebraic integers ¢, (o (D) - ¢o (1) equals n'? as A(z) is
homogeneous of degree —12. O

If a is an invertible O-ideal for some imaginary quadratic order O and b C O is an invertible
ideal such that O/b is cyclic of order b = Nb, there exists a matrix B € A, such that
ba = B(a). In this situation, we write ¢p(a) = ¢p(a) = b*2A(ba)/A(a). The notation
x ~ b means that the algebraic number x generates the ideal bQj; in some large number
field M containing x and the O-ideal b.

5.2. Lemma. Let p be a prime number that does not divide the discriminant of the
imaginary quadratic order O, and suppose that p splits in O as pO = pp’. Let a be an
invertible O-ideal. Then we have ¢,(a) ~ p''? and ¢y (a) =~ p'?, and ¢, (a) is a unit for
each o € A, satisfying o(a) # pa,p’a.

Proof. Choose an ideal b of index b prime to p such that bp = MO is principal. We have
p # p’, and using the preceding lemma to compare the p-parts in both sides of the equality

¢b (pa)gbp (a) — b12p12>\_12

12 The result for ¢y follows by symmetry, and the statement on

we obtain ¢,(a) ~ p
units follows from the product relation in 4.5. O
A complete algebraic characterization of the j-invariants of singular moduli is given by

the first main theorem of complex multiplication. It shows that the invariant of a singular
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modulus 7 generates an abelian extension of Q(7), and that the Galois action can be
given in terms of the multiplicator ring O, of the lattice [1,7]. The theorem presupposes
knowledge of class field theory for imaginary quadratic fields. In the proof, we will use the
fact that an extension L/K of number fields is characterized by the set Sy, of primes of
K that split completely in L. More precisely, if L and M are finite extensions of a number
field K and the symmetric difference of Sy, /x and Sy i is a set of primes of K of Dirichlet
density zero, then L = M.

5.3. Theorem. Let 7 be a singular modulus with multiplicator ring O = O,. Then
J(7) generates the ring class field corresponding to the order O over K = Q(7). The class
equation

fo= ] (X—i(a)€z[X]

[a]eCL(O)
of O is the irreducible equation of j(7) over K. There is the Artin isomorphism

~

Cl(0) — Gal(K(j(1))/K)

that maps every prime p C O that is coprime to the conductor of O to the Artin symbol
op € Gal(K(j(7))/K), and if a is an invertible O-ideal one has

op(j(a)) = j(p~ )

for almost all primes p C O.
The numbers j(a) are known as the class invariants of the order O.

5.4. Corollary. If K is an imaginary quadratic field with ring of integers Ok and a is
any fractional Og-ideal, then K (j(a)) is the Hilbert class field of K. The element j(a)
only depends on the ideal class of a, and the class equation

for = [ (X —ij(a) € Z[X]

[G]GCIK

is the irreducible equation of j(O) over K.

Proof. In order to show that M = K(j(7)) is the ring class field L of K corresponding
to O, it suffices to show that up to finitely many exceptions, a prime of degree 1 in O
splits completely in L/K if and only if it splits completely in K(j(7))/K. By definition,
a prime p C O of norm p prime to the conductor of O splits completely in L/K if and
only if it is a principal ideal p = 7O. For these p one has, writing a for the O-ideal [1, 7],
an equality j(pa) = j(ma) = j(a) = j(7). As pa C a is a sublattice of index p, we have
®,(j(pa),j(a)) = @,(j(7),7(r)) = 0. By the Kronecker congruence, this implies

J(7)P = j(7) mod POy,
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for each prime PB|p in the ring of integers O of M. Suppose that P does not divide the
finite index [Onr @ Ok[j(7)]]. Then j(7) generates the residue class field O/ over F,,
and we have Oy /P =F, as o = a € O/P for all a € Oy /P. It follows that almost
all primes of degree 1 in O that split completely in the ring class field L split completely
in M.

Conversely, suppose that p is a prime of degree 1 of K that splits completely in M /K.
This implies j(a)? = j(a) mod pOjys. From the Kronecker congruence

(J(a)? = j(pa)) (j(a) = j(pa)”) = 0 mod p

we derive that j(a) — j(pa) is divisible by a prime over p in any sufficiently large number
field. Thus, if we disregard the finite number of primes that are not coprime to the
differences j(a) — j(b), with [a] # [b] € CI(O), it follows that j(a) = j(pa). This implies
that pa = 7a, so p is principal in O and splits therefore completely in L/K. This proves
the other inclusion, and M = K (j(7)) is the ring class field corresponding to O. As the
only property of 7 we used was that [1, 7] is an invertible O-ideal, we see that M = K (j(a))
for any invertible O-ideal.

We will now show that for p C O an ideal of prime norm p and a an invertible O-ideal,
we almost always have the Frobenius congruence

j(p~"a) = j(a)” mod P

for every prime PB|p in M. One takes p coprime to the discriminant of O and applies
lemma 4.6 for X = j(a)? and Y = ¢, (a), with pp’ = pO:

F(j(a)?, ¢ppr(a)) = Z (j(@)P = (joo;)(a)) H (¢pr(a) = ¢o,(a))
i=0 j#i
= (@) —j'a) J] (¢p(a) = ¢o,(a)) =0modp.

O F£0

By lemma 5.2, the product factor is a unit modulo p in a sufficiently large number field,
so this yields the desired congruence. As a consequence, we see that o, (j(a)) = j(p~'a)
for all those p of degree 1 that do not divide a difference of conjugates of class invariants.
For primes of degree 2 the same equation holds as these primes split completely in M /K,
so we have obtained the desired description of o}, for almost all p.

It follows from the explicit description of the Galois action on j(a) that the class
invariants of O are conjugate over K, and that the class equation fo is the irreducible
polynomial of any of them. The complex conjugate of a zero j(a) of fo is the zero j(a),
so fo has coefficients in K N R = Q that are algebraic integers, i.e. they are in Z. O

It is possible to prove the preceding theorem without class field theory, i.e. without as-
suming the existence of a ring class field corresponding to O. The hard part of the proof
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is then to show that fo has coefficients in Z. Once one knows that the class invariants
are a complete set of conjugate elements over Q, one can define an injective homomor-
phism CI(O) — Gal(2/K), with Q the decomposition field of fo, that maps an ideal class
[b] € CI(O) to the automorphism j(a) — j(b~1a). This is well-defined because the Frobe-
nius congruence shows that this is the Frobenius automorphism at p when p is of degree 1
and coprime to the discriminant of fo». In order to prove surjectivity and the irreducibility
of the class equation over K, it suffices to show that every single class invariant generates
Q over K. This follows again from the Frobenius congruence, as any automorphism of
/K that fixes j(a) fixes j(a)? and therefore j(p~!la) for almost all p. In order to finish
the proof one still has to show that the isomorphism obtained is the Artin map. For primes
of degree 1 we know this already, and for primes of K of degree 2 one uses the fact that
/Q is dihedral to show that such primes split completely in /K.

In order to complete the proof sketched above, one has to show the rationality of the
polynomial f». There are several ways to proceed, and they all use the explicit factorization
of the modular polynomial as a product of fo’s.

5.5. Theorem. For any integer n > 1, denote by r(n, Q) the number of non-associate
elements « in the imaginary quadratic order O that are primitive and of norm n. Then
the factorization of the modular polynomial is given by

@, (X, X) =[] 6™,
O

where the product is taken over all imaginary quadratic orders O.

Proof. A complex number z = j(w) is a zero of ®,,(X, X) exactly when j(ow) = j(w)
for some o € A,, or, equivalently, when cw = w for some primitive matrix o € Ms(Z) of
determinant n. This is in turn equivalent to saying that [1,7] has a sublattice o([1, w)])
that is primitive of index n and of the form z - [1,w]. It follows that j(w) is a singular
j-invariant and that O, is a quadratic order containing a primitive element x of norm
n. More precisely, the number r = r(n,O,,) of such x (up to multiplication by units) is
exactly the number of ¢ € A,, for which j(ocw) = j(w). Thus, it suffices to show that
®,, (X, X) has a zero of order r at X = j(w), and we will achieve this by showing that the
functions ®,,(j(z),7(2)) and (j(2) — j(w))" have the same order of vanishing at z = w.
Writing @,,(j(2),7(2)) = [I,ca, (j(62) — 0(2)), one can express the quotient of these two
functions as a product of a non-vanishing function at z = w and factors of the form

j(o2) —i(2)
Ao =50 i)

where o € Ms(Z) is primitive of order n and satisfies cw = w. If one passes to the limit
z — w, the factor A, takes the value o/(w)¥ — 1, where k is the order of vanishing of
j(2) — j(w) at z = w. It is elementary to show that this value is non-zero. O
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By comparing degrees in the preceding theorem, one obtains class number relations due
to Kronecker. If h(D) denotes the class number of the order Op of discriminant D and
r(n, D) =r(n,Op), these relations can be written as

> " r(n, D)h(D) = deg B, (X, X).

D
The degree on the right hand side is easily computed, and one can combine the formulae
to obtain related formulae in which the constants r(n, Op) no longer occur (cf. exercises).

From the preceding theorem, one can prove inductively that the class equation fp

is in Z[X]. A more direct way uses the following lemma, which is also useful from a
theoretical point of view as it shows how to compute fp from suitable modular polynomials.
It considers the polynomial ®,, ;(X) that is the product of all irreducible factors fo of
®,, (X, X) that occur with exponent r(n,O) = 1.

5.6. Lemma. Writing fp for the class equation of the order of discriminant D, one has
@271 = f_4 . f_g and forn > 2

B, 1 (X) = {f_4n-f_n if n = 3 mod 4 but n # 3k? for any k > 1;
" fan if n # 3 mod 4 or n = 3k? for some k > 1.
Proof. The element /—n is up to sign the only primitive element of norm n in Z[/—n],
so f_an is a factor of ®,, ;. For n = 3 mod 4 this element is also contained in O_,, =
Z[(1 + +/—n)/2]. In this ring, it is up to units the only primitive element of norm n
except when n = 3k? for some odd k > 1. (In this last case the non-associate element
(3k + +/—n)/2 also has norm n.)
Conversely, suppose that « is up to units the only primitive element of norm n in Op.
Then there exists € € O* such that o = e@, and for D < —4 this implies that a = +3v/D
or a = +v/D depending on the parity of D. It follows that D = —4n or D = —n as above.

For D = —4 one has € = +i and o = 1 7 giving rise to the special factorization of ®, i,
and for D = —3 one concludes that all six elements of norm 3 are associate in O_3, so f_3
does divide @3 ;. ]

Explicit computations. In principle, the preceding lemma gives rise to a deterministic
algorithm to compute the class equation of an imaginary quadratic order. As it involves the
knowledge of explicit modular polynomials, which have coefficients that grow exponentially
with n, this is not an efficient algorithm. Better results can be obtained if one computes
the class equation directly from the definition, using a numerical approximation for the
singular j-invariants that one knows to be the zeroes as soon as the class group of O
has been computed. For instance, the order of discriminant —23 has class number 3, as
one easily verifies by calculating the reduced quadratic forms (1,1,6) and (2,£1,3). The
j-invariants of the corresponding moduli (—1 + /=23)/2 and (&1 + /—23)/4 have the
approximate values

—3493225.6999699 and 737.8499849667 £ 1764.0189386127 7,
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from which one easily computes the polynomial

foos = X34+ 3491750X2 — 5151296875X + 12771880859375
= X3+2.5%.13967X2 — 5°.329683X + (5% - 11-17)3.

The discriminant A(f_o3) = 5'8-712.11%.172.192.23 shows that this polynomial does indeed
generate a cubic cyclic extension of Q(1/—23). It also shows the additional complication
lying in the fact that class invariants of orders of small discriminant are already quite large,
and that O[j(7)] may have a large index in the ring of integers of the ring class field. In the
example above, the same field is generated by the polynomial X3 + X2 — 1 whose zeroes
are units that generate the ring of integers over Og.

If one takes the slightly larger example D = —164 with class number 8, the resulting
polynomial is

fo164 =X® — 296853791160440320 X *
— 161936389233870440957755392 X ©
— 1079715386531472065498397540352 X °
— 72018009354152588972347870534871023616 X *
— 8292359178811827895415538602091992842240 X 3
+ 5887658098871143194377169001255234662541248 X 2
+ 716292304882512928715138362472485709784740265984 X
— 85263617325299999445568788749874942641540406706176.

The discriminant of this polynomial is a 497-digit number which factors as

A(f_164) = —2°%2.13%0. 1736 . 2324 . 2920 . 3116, 416 . 4310 . 53% . 595 . 83% . 89"
972.101%-103%-107% - 109* - 1272 - 131* - 137* - 1392 - 149* . 1572,

and the constant coefficient is the cube of —216.172.23.292.41-59-107. It is no coincidence
that only small prime factors occur: there are theorems due to Deuring, Gross and Zagier
that give a precise description of the primes that can divide a difference of two singular
J-invariants.
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Exercises.

5.1.

5.2.

5.3.

5.4.

5.0.

Let K be a number field and L and M finite extensions of K. By the density of a set of
primes of K we mean the Dirichlet density of this set inside the set of all primes of K. You
may assume the Cebotarev density theorem in this exercise.
a. Show that the set of primes of K that are of degree 1 over Q has density 1.
b. Show that L = K if S;,x has density 1.
b. Show that L = M if the symmetric difference of Si,x and Sy x has density 1. What
can you say if S,k C Sy/k?

Let O be an imaginary quadratic order with field of fractions K. Show that j(O) is a real
number, and that Q(j(O)) is the maximal real subfield of K (5(0)). Determine when Q(j(0O))
is normal over Q and when its normal closure is K(j(O)).

Let 0 € M3(Z) be primitive of determinant n and suppose that cw = w for some w € H. If
k is the order of vanishing of j(z) — j(w) at z = w, show that o’(w)* # 1.

Show that the degree of the modular polynomial ®,,(X, X) with n > 1 equals

2 Y Zele) + (),

a|ln and a>yn

where e = ged(a,n/a) and ¢(1/n) = 0 if n is not a square.

Let C,, = deg(®, (X, X)) be as in the previous exercise. Suppose that n is not a square.
a. If m ranges over the divisors of n of the form n/k*, show that

zmjcm:2 Yoo

a|n and a>+/n

If D < 0 is a quadratic discriminant, we say that a solution to the equation z? — Dy? = 4n
is proper if y > 0 and ged(z,y) < 2, with ged(x,y) = 2 allowed for n odd only.
b. Show that r(n, D) is the number of proper solutions to x> — Dy* = 4n if D < —4. What
is the corresponding statement if D = —3, —47
Let h'(D) be the number of reduced quadratic forms of discriminant D, including the im-
primitive forms, where forms (z, 0, z) are counted with multiplicity 4 and forms (z, z, z) with
multiplicity %
c. Show that h(D) = h'(D) if D < —4 is a fundamental discriminant. What are h'(—3)
and h'(—4)?
d. Show that
[2vn]
W(—dn)+2) HW(-an+k)=2 > a
k=1

a|ln and a>+\/n

[Hint: the left hand side equals >_ h((—4n + 2°)/y?), where the sum is taken over all z,y, D
with y > 0 that satisfy 2 — Dy? = 4n.]
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Show that for any integer n > 1, one has
0 if D < —4n;
r(n,D) =<1 if D= —4n;
2 if D=—-4n+1.

How does this imply ®,(X, X) € Z[X]| = fo € Z[X]?

Give an algorithm to compute fo for arbitrary O.
[Hint: One has to distinguish f_,, from f_4, when r(n,—n) =r(n,—4n) = 1]

1999

Let O be the ring of integers of a quadratic field K and set f,(X) = ®,(X,j(0)) € H[X],

with H the Hilbert class field of K.

a. Suppose that A(K) < —4. Show that f, is irreducible in H[X] if and only if p is inert

in K/Q. Is the hypothesis on A(K) necessary?
b. Determine for each O the values of p for which f, splits completely in H[X]?
c. Is fp always separable over H?

Show that j(v/—3) = 54000 = 2* - 3% . 53,
[Hint: Use the previous exercise.]

5.10.Show that all zeroes of ®3(X, X) are rational and determine the multiplicity of each of them.

Then use the preceding exercise and the explicit values of the zeroes of ®2(X, X) to compute

5 .
[Hint: show that ®3(X,X) = —X% 4 6 - 744X°+ lower order terms.]

5.11.Let w1, w2 and ws be the zeroes of X3 - X?2+41 and Q the corresponding splitting field.

a. Show that Q = Q(v/—23,w1).
Let Tr denote the trace in the extension K = Q(+/—23) C §.

b. Show that (Tr(wsw;))? ;—; is the identity matrix. Deduce that Q/K is unramified and

that {w1, w2, w3} is a normal integral basis for Q/K.
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6. ORDERS OF CLASS NUMBER ONE

Class groups of imaginary quadratic orders were introduced by Gauss, who already ob-
served that the orders h(D) seem to grow when D — —o0, albeit irregularly. This would
imply that there are only finitely many discriminants D < 0 for which h(D) = 1, and
without too much effort one can produce a list that seems to be complete, i.e. one arrives
at the following.

6.1. Theorem. Let O be an imaginary quadratic order of class number 1. Then D is one
of the nine values in {—3,—4,—-7,—-8,—-11,—19, 43, —67, —163} if O is a maximal order,
and one of the four values in {—12,—16, —27, —28} otherwise.

This result was already conjectured by Gauss, but a valid proof has been given only much
later by Heegner, Baker and Stark. Heegner’s proof appeared in 1952 but was only accepted
in 1967, when Stark produced an independent proof that turned out to be basically the
same. Baker’s proof, which uses different methods, appeared at the same time as Stark’s.
It had already been proved by Siegel in 1935 that there are only finitely many discriminants
of class number one. More precisely, he showed that

h(D) > C.|D|/? for all € > 0,

but the constant C, is non-effective. Subsequent refinements showed that there is at most
one imaginary quadratic field of class number one besides those given in the preceding
theorem, so the problem was to show that this tenth quadratic field cannot exist.

It should be pointed out that the situation appears to be very different for real
quadratic fields. In this case the product of h(D) and the regulator R = log |ep| grows as
|D|*/2, and there seem to be infinitely many D’s for which h(D) = 1. However, nothing
has been proved in this direction.

If D < —8 is fundamental and h(D) = 1, we have D = —p for some prime p = 3 mod 4
by genus theory. In the case p = 7 mod 8 the ring O_, = Z[(1 + /—p)/2] contains an
element of norm 2, so p = 7. In order to show that our list of fundamental discriminants is
complete, it suffices to show that there are no primes p = 3 mod 8 besides those listed that
have h(—p) = 1. Once one knows the list of fundamental discriminants, it is straightforward
to check that there are only 4 non-maximal orders of class number one. If O is the order
of index f > 1 in some maximal order Op of discriminant D and h(OQ) = 1, one has
h(Op) =1 and

(6.2 HO)/(OK) = g5 T~ (5)3)
plf

equals 1. For D < —4 this implies that f = 2 and 2 splits in Op, so f2D = —28. For
D = —4 one obtains f = 2 and f2D = —16, and for D = —3 one finds f =2 or f = 3,
leading to f2D = —12 or —27. Thus 6.1 is equivalent to the following statement.
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6.3. Theorem. Suppose p = 3 mod 8 is prime and satisfies h(—p) = 1. Then we have
p € {3,11,19,43,67,163}.

The proof of 6.3 proceeds in several steps. One begins by studying the cube root 5 of the
j-function, which is defined as the holomorphic branch

/i) = 29

VA(Z)

on the upper half plane that is real on the imaginary axis. The function v5(2) is not a

Y2(2) =

modular function, but its behavior under modular transformations is easily determined.
From the g-expansion we see that vo(z + 1) = (3 '7(2), where (3 = €2™/3. We further
have v2(—1/z) = 7(2) as the cubes of these expressions coincide and they are equal and
non-zero in z = ¢. From these two identities one can prove by induction on the length of

ab 11 0—1
2
(¢7) € SLa(Z) as a word in () and () that

az+b _ 20—
72<Cz+d) — ézc ab+a“cd cd,y2(z)'
In particular, we see that s is left invariant by transformations o = (ZS) € SLy(Z)
satisfying b = ¢ = 0 mod 3. For such o we have 03_1003 € T'9(9), where o3 = (8(1))

Consequently, the function 5 o o3 is a I'g(9)-modular function. As its g-expansion is
rational, we even have v5(32) € Q(j(9z2),4(z2)).
The use of the function 72 in the proof of 6.3 stems from the following property.

6.4. Proposition. Let D be an imaginary quadratic discriminant coprime to 3 and set

[ (3++vD)/2. ifD is odd;
T =
VD/2 if D is even.

Then 7, (7) is an algebraic integer and we have Q(v2(7)) = Q(j(7)).

Proof. The hard part of the proof consists in showing the implication

(6.5) 12(32) € Q(4(92),j(2)) = 72(7) € Q(3i(37),4(7/3))-

Note first of all that this is not trivially true. We will assume this implication for the
moment, and give the proof at the end of this section.

The multiplicator ring of [7/3, 1] is the order [37, 1] (exercise 6.3), so 5.3 implies that
~2(37) is contained in the ring class field of conductor 3 of K = Q(7). As 3 does not divide
the discriminant of K, formula 6.2 shows that this ring class field has degree 2 or 4 over
the Hilbert class field K(j(7)) of K. On the other hand, v2(37) is the cube root of j(7),
so the degree of v2(37) over Q(j(7)) equals 1 as it divides both 3 and 8. O

The preceding lemma implies that for p > 11 a prime for which A(—p) = 1, the element
72(@) is a rational integer. This is the first important step in the proof of 6.3.
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The function 75 is related to three other holomorphic functions f, f; and f; on the
upper half plane that are real on the imaginary axis and may be characterized by the fact
that their eighth powers are of degree 3 over the field Q(72). More precisely, the following
holds.

6.6. Proposition. There exist holomorphic functions f, fi and fy on the upper half
plane that are real and positive on the imaginary axis and that are uniquely characterized
by the functional equations

X3 =X +16 = (X + f5)(X — [ (X — f5)

and

f1(22) fo(2) = V2.

Proof. It is clear that the functions are uniquely determined by these conditions, with
the second equation only needed to distinguish between f; and f;. One starts with the
Dedekind n-function, which is defined by its Fourier expansion 1(q) = ¢*/?* ]~ (1 —¢"),
and sets

n(22)
n(z)

f(2) = Cas O fi(z) = , fa(z) = V2

Note that the relation f(2z)f2(z) = /2 follows immediately from the definition. From
the Fourier expansions

f :q—1/48 H (1+qn/2)

n odd
fr=q H (1—q""?)
n odd
fo = Vg2 TI(1+ ")
n>1

one reads off the identity nffifo = V27, which implies

(6.7) f(2)f1(2) f2(2) = V2.

The essential part of the proof consists in showing that the differences between the values
of the Weierstrass-gp-function in 2-torsion points are described by the functions n, f, f1
and fo. More precisely, let e1, es and e3 be the three zeroes of the Weierstrass polynomial
4X3—gy(2) X —g3(2), i.e. the 2-division values pp1 .1(1/2), pp,2(2/2) and pp ) ((2+1)/2)).
Then we have

eg — e = 2t (2) £2(2) (6.8)
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Note that in view of 6.7, this yields the Fourier expansion

A(2) = 16(e1 — e2)*(e1 — e3)?(e2 — e3)? = (2m)12n*4( (2m)*%q H (1—4g")

n>1

for the A-function. It also gives the relation f& = f + f§ and, since we know by 6.7 that
fEf2f8 = 16, the identity for (X + f8)(X — f2)(X — f3) follows from it as soon as we show

that

1292 16  f?*—-16

= fO i = -1 =

’72<Z) f8 f8

This result can again be derived from 6.8 as we have
1292 = —48(6162 + €1€3 + 6263) = 16((62 — 61)2 — (62 — 63)(63 — 61)).

Finally, the derivation of 6.8 itself proceeds by expressing the differences of gp-values in
terms of the o-function (exercise 2.2c), and applying exercise 2.7cd before showing the
identity in terms of Fourier expansions. O

The functions in 6.6 have been studied extensively by Weber since their values at singular
moduli, which are obviously algebraic integers, can be used in many cases to generate class
fields. For a complete account we refer to the paper by Schertz (Crelle 286 /287 p. 46-74,
1976). We will use the following special case. For the proof we refer to the exercises.

6.9. Proposition. Let O be the imaginary quadratic order of discriminant D = —4p
with p = 3 mod 4 odd. Then we have Q(f(/=p)?) = Q(j(v/—p))- O

If we take for p > 11 is a prime for which h(—p) = 1, the field Q(j(\/—p)) is a real

cubic field by 6.2. For 7 = @, one uses the functional equation from 6.5 and the
transformation relation fi(z + 1) = (5" f(2) following from the Fourier expansions (cf.
exercises) to obtain

f2(T) = V213 +v/=p) "' = V26 f(V=D).
It follows that o = (g ' fo(7)? is integral and satisfies Q(a) = Q(f(v/—p)?) = Q(j(v/—p)).

Thus, every prime p > 11 with h(—p) = 1 gives rise to an algebraic integer « and irreducible
polynomials

=X +aX*+bX +c
& = X% —7a(r)X +16

that are in Z[X]. This imposes very strict conditions on fq and ~v2(T), since a direct
computation of fg from fq yields—replacing o by —a if necessary—an equality ¢ = 2
and subsequently
(1) = —(b* — 4a)* — 8(2b — a?)
2(b% — 4a) = (2b — a?)?.
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Setting 2Y = (b — a?) and —2X = a the second equation can be rewritten in the form
Y2 = 2X (X3 +1). This Diophantine equation has exactly six integral solutions.

6.10. Proposition. The only integral solutions (X,Y) to the equation
Y? =2X(X?+1)

are (—1,0), (0,0), (1,£2) and (2, £6).

Proof. As X and X2 + 1 are coprime, there absolute values are a square and twice a
square and they do not have opposite signs. This leads to 4 cases:

(a) X3+1=0and X =2-0J;

(b) X3+1=-Oand X = -2-0J;

(c) X3+1=2-0and X =0J;

(d) X3+1=-2-Oand X = -0

Case (a) is the hardest case. However there is a neat proof by Euler using a descent
argument (Opera omnia, vol. II, p. 56-58, 1738). It shows that the only positive rational
number X for which X3 + 1 is a rational square is X = 2.

Cases (b) through (d) can be dealt with in a more elementary way. If X3 + 1 = —Z2
has an integral solution, then Z + ¢ is a cube in Z[i] as Z + ¢ and Z — i are coprime and
there product equals (—X)3. This implies Z = 0. Analogous arguments in Z[v/—2] for
(—=X)3 =1+42Z? and in Z[(3] for X3 +1 = 222 yield the desired result. O

The solutions give rise to six values
vo(T) = 0, —32, —96, —960, —5280, —640320

and a simple approximation

Yo (T) AV 744 — e™VP

which is accurate to at least 2 decimal places for p > 11 shows that the only primes
p = 3 mod 8 for which hA(—p) equals 1 are the six values in 6.3. This finishes the proof of
6.1 and 6.3 modulo the implication 6.5. 0

It is amusing to see how extremely accurate our approximation for v, (7) is when p = 163:

\/ 744 — e™V163 = —640319.999999999999999999999999390...

The observation that e™V163 is less than 10~!? away from an integer goes back to Hermite.
It is caused by the fact that ¢ = €>™* is very small for z = (1 + /—163)/2 and the
corresponding integral j-invariant therefore very close to ¢~ ! + 744 = 744 — ¢™V163,

We still have to prove the implication 6.5. Before doing so, we prove a fundamental
lemma that will also be useful in the next section. It allows us to conclude in many cases
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that the singular values f(7) of a modular function f € Q(j(z),j(nz)) are contained in

Q((7), i (nT)).

6.11. Lemma. Let g € F,, be a modular function of level n and G(X) = G(X,j) €
Q(j)[X] its irreducible polynomial over Fy = Q(j). Then any element f € K = Q(j,9)
satisfies

[-Glg)=H(g) with H(X)=Trgpm [f-ﬁ(—f;]emxy

Suppose that f and g are holomorphic on ‘H and that 7 € H is a modulus for which g()
is a simple zero of G(X, j(7)). Then f(7) is contained in Q(j(7), g(7)).

Proof. The formula in the lemma is nothing but the well known Lagrange interpolation
formula, as H(X) is the unique polynomial in F[X] of degree at most [F}(g) : F1] —1 that
assumes the values f7 - G’(g?) in each of the conjugates g7 of g.

If f and g are holomorphic on H, then G(X) and H(X) have coefficients that are
holomorphic and therefore in Q[j]. It follows that in this case f - G’(g) is a rational
polynomial in j and g. If we specialize the variable to 7 we have G'(g(7)) # 0 by assumption
and consequently f(7) € Q(j(7),g(7)). O

Proof of 6.5. In view of the preceding lemma, it suffices to show that for 7 as in 6.4, the
polynomial 8%@9(X ,7/3) does not have a zero at X = 37. Indeed, assume the contrary.
Then there exists a matrix o = (8 Z) € Ay different from (8 (1)) for which the two lattices
o([r/3,1]) = [aT/3 + b,d] and [37, 1] are homothetic. These lattices are both of index 9 in
[7/3,1], so the element A € Q(7) for which A - [37,1] = [aT/3 4 b,d] is of norm 1. Write

3\ = 3s + t1, then we have
N(3)\) = 9s% 4 3st(7 + 7) + t*77 = 9,

which shows that 3 divides ¢, i.e. A is a unit. If D < —4 it follows that our lattices are
equal, contrary to the choice of o. For D = —4 one has 7 = i and one easily checks that
A =1 cannot occur, so the lattices are again equal. This finishes the proof of 6.5. 0

44



version January 12, 1999

Exercises.
6.1. Determine all non-principal imaginary quadratic orders for which the class number equals
the class number of the corresponding principal order.
6.2. Show that the function 72(z) transforms under the action of the modular group as
<(IZ +b _ ac—ab—i—aQCd—cdl_y (Z)
ez td 3 212
Deduce that the subgroup Hof I' that leaves -2 invariant consists of the matrices (‘CLZ) sat-
isfying ¢« = d = Omod 3 or b = c¢mod 3. What is the index of G in I'? Is it a normal
subgroup?
6.3. Let 7 € C be an imaginary quadratic irrational with irreducible polynomial aX? 4+ bX + ¢ €
Z[X].
a. Show that Z[a7] is the multiplicator ring of the lattice [1, 7].
b. Let 7 be as in proposition 6.4. Show that Z[37] is the multiplicator ring of the lattice
[1,7/3].
6.4. Show that the functions n, f, f1 and f2 satisfy the following modular transformation laws.
n(z +1) = Gaan(2) n(=1/z) = v—izn(z)
F+1) =G5 fi(2) f(=1/2) = f(2)
filz+1) = (i f(2) f1(=1/z) = f2(2)
fo(z+1) = Caafa(z) f2(=1/2) = f1(?)
6.5. Let Zi b; X" be the irreducible polynomial of the function g in lemma 6.11. Show that the
coefficients of H(X) =" a;X" are then given by
a; = Z kaI'K/Fl [fgkiiil].
k>i
6.6. Complete the following outline of the proof of 6.9.
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7. THE PRINCIPAL IDEAL THEOREM

It has been known for a long time that the ideals of the ring of integers of a number field are
not always principal, but that they become principal after passing to a suitable extension
L of K. More precisely, for given K there always exists a finite extension L/K such that
the natural map

C]K — C]L

[a] — [aOH]

between the class groups is the zero map. In this situation, one says that every ideal class
of K capitulates in L. The field L is by no means uniquely determined by this property,
nor is their a minimal field L when Clg # 0 (exercise 7.1). However, there is a canonical
choice for L.

7.1. Principal ideal theorem. FEvery ideal of a number field K becomes principal in
the Hilbert class field H of K.

Note that this property of the Hilbert class field is by no means obvious from its definition as
maximal unramified abelian extension of K. The first result indicating a relation between
capitulation and unramified abelian extensions is due to Hilbert. Theorem 96 from his
Zahlbericht states that in an unramified cyclic extension of a number field K of prime
degree, there is a non-principal ideal of K that capitulates. For arbitrary K, we do not
in general have explicit generators in H for the ideals coming from K. The reason is
that we know by class field theory that H exists, but not how to generate it explicitly.
However, it was shown by Artin that the principal ideal theorem can be reduced to a purely
group theoretical statement. This statement was proved shortly afterwards, in 1930, by
Furtwangler.

We will prove the principal ideal theorem only for K imaginary quadratic. In this
special case elliptic functions can be used to exhibit explicit generators in H for almost all
primes of K. As the primes of degree 2 of K are already principal in K, one only has to
look at primes of degree 1.

7.2. Theorem. Let K be an imaginary quadratic field of K and p a prime of degree one
of K that does not divide 6 or the discriminant of K. Let a be any ideal of K and p’ the
conjugate of p in K. Then ¢,2(a) is the 24-th power of some element x in the Hilbert class
field H of K, and x generates p'Op.

The proof of 7.2 is a refinement of lemma 5.2, which stated that ¢, (a) generates the 12-th
power of p’ in some extension field of K. If one replaces p by p? in 5.2, the proof remains
valid and it follows that the element ¢y2(a) in 7.2 generates (p’)?* in some extension of
K. The problem comes down to showing that the singular values of a suitable branch
of %/¢p2(2) lie in H. The situation is similar to that occurring in the case of the class
number one problem, and so is the argument. One first shows that the 24-th root of
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¢n(2) is a modular function of level n for suitable n, and then that its singular values lie
in the appropriate number field. This will involve a generalization of lemma 6.11 to the
case where we have a singular modulus that leads to a multiple root of the irreducible
polynomial for the modular function over Q(j).

The Dedekind n-function from the previous section satisfies 271?*(2) = A(z), so we can
define a 24-th root of the function ¢g for any rational 2 x 2 matrix S with positive deter-

minant by (S 1])
o4 r] S([z,1
\ ¢ det(S 777(2’) .

For S =0, = (§ ?) we write ¢g = ¢, as before, and we have ¥/¢,(z) = /nn(nz)/n(z).

7.3. Lemma. The function %/¢,(z) is I'g(n)-modular when n = 1 mod 24. We have
N on(2) € Q(4(2),j(nz)) if n is the square of an odd number.

Proof. From the g-expansion of n(z) it is clear that n(z + 1) = (241(2). As we know that
n(2) is real on the imaginary axis and that A(z) = 2w n?4(2) satisfies A(—1/z) = 212A(2),
we must have n(—1/2) = \/—izn(z). It is straightforward to show inductively from these
formulae that the general transformation rule for the n-function under an element A =
(“P) e T is

e(A :
n(4z) = GV V/=ilez + d)n(2).

where ¢(A) is given by the explicit formula
e(A) =bd(1 — ) +cla+d) +3(1 —c1) + 3a(c— 1) +3A(a* — 1)/2

Here we let ¢ = 2*¢; with ¢; odd if ¢ # 0 and ¢; = 0 otherwise. For A = (22) € I'o(n) we

have A = 0,1 A’0,, with A’ = (S/SZ) eI and

2@ \/,n J?(A)Z)) \/—77< (151 ))) _ ;iA)—e(A’)gm'

If n = 1 mod 24 we have €(A) = ¢(A’) mod 24 and /¢, (2) is I'g(n)-modular. If n is
the square of an odd number, than n = 1 mod 24 and /n € Q, so /¢, (z) must be in
Q(j(2),7(nz)) as it is a I'g(n)-modular function with rational g-expansion. O

If S is a primitive integral matrix of square determinant n = 1 mod 24 the function 3/¢g €
F, is a conjugate of 3/¢, over Q(j) and lies in Q(j(z),7(Sz)). Taking for S the matrix
describing multiplication by p? in the situation of 7.2, we see that we have to prove the
implication

Vos(z) € Qi(2),0(52)) = Vos(a) € Q(j(a), j(Sa)).

It is not in general true that j(Sa) is a simple zero of ®,,(X,j(a)), so we first prove the
following generalization of 6.11.
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7.4. Lemma. Let S =5, € A, = {Sl};/):(?) be a primitive integral matrix of determinant
n and suppose that for some o € H the number j(S«) is an r-fold zero of ®,(X, j(a)),
say j(Sa) = j(S;«) for i = 1,2,...,r. Then for every function fs € Q(j(z),7(Sz)) the
number fs(«) is algebraic of degree at most r over Q(j(«),j(S«)) and has its conjugates
in the set {j(S;(a))}i_;.

Proof. Let K/Q(j) be the normal extension obtained by adjoining the zeroes j o S; of
®,(X,7) to Q(j) and G the Galois group of this extension. Denote by H the subgroup
of G that permutes the functions {j o S;}I_; among each other and K| the fixed field
of H. The polynomial F(X,z) = []._,(X — j(Siz)) € Ko[X] has the property that the
polynomial F? € K[X] obtained by applying some element o € G — H to its coefficients
is different from F' as it remains different if we specialize the coefficients by substituting
z = «. This implies that for a € Q sufficiently general, the function g(z) = F(a, z) € Ky
is not fixed by any 0 € G — H and therefore generates Ky over Q(j). Moreover, a can be
chosen such that g9 («) = F9(a, «) is different from g(«) for 0 € G — H. This implies that
g(a) is a simple zero of the irreducible polynomial

GX)= [] xX-F(a,2)

ceG/H

of g over Q(j). We can now apply lemma 6.11 to conclude that for every function h €
Q(j,9) = Ko, we have h(a) € Q(j(a), g(«)) and, since g(a) = (a — j(Sa))", also h(a) €
Q(j (), j(Sa)).

We know that our given function fs € Q(j(2),j(Sz)) is a zero of the polynomial
[T (X — fs;) € Ko, so [[,_; (X — fs,(c)) has coefficients in Q(j(«),j(Sa)) by what we
just proved. The lemma follows immediately. O

We conclude the proof of 7.2 by applying the following lemma with fg = 3/¢g and b = p2.

7.5. Lemma. Let a be a fractional ideal in some imaginary quadratic number field K
and S a matrix satisfying Sa = ba for some integral ideal b in K. Suppose that some m-th
power of fs € Q(j(z),7(Sz)) has the form

o) = S

for certain modular forms Hy and Hs of weight g > 0, and that Hs(a) # 0. Then fs(a) is
contained in K (j(a)).

Proof. We let n be the norm of b and suppose that, in terms of the previous lemma, we
have j(Sa) = j(S;a) exactly when ¢ = 1,2,...,r. This implies that S;a = \;Sa = \;ab
for certain elements \; of norm 1 in K*. If ); is integral, then we have S;a = Sa, so this
happens for exactly one value of i € {1,2,...,7}, say i = 1.

48



version January 12, 1999

We know by the previous lemma that every conjugate of fs(a) over Q(j(a),j(Sa)) C
K(j(a)) is of the form fg,(a). Let o be an automorphism over K (j(a)) of order N mapping
fs(a) to fs,(a). From the identity

_ Hi(S;a) X 7Hi(Sa)

fgj(a)_ HQ(Cl) - Hg(a) :)\z_gfgl(a)

it follows that )\i_gN =1, so A; is a root of unity and ¢ = 1. The element fg, (a) is the only
conjugate of fs(a) over K(a), so fs(a) is in K(j(a)). O

This finishes the proof of 7.2.

Exercises.

7.1. Let K be a number field with non-trivial class group and F' a finite normal extension of K.
a. Show that there exists a finite extension L of K such that F' and L are linearly disjoint
over K and Clg — CI, is the zero map.
b. Deduce that there exists an infinite collection {L;}; of pairwise linearly disjoint normal
extensions L; of K such that an ideal of K capitulates in each L;. In particular, there
is no minimal extension L of K such that Clx — CIy, is the zero map.

7.2. Find the Hilbert class field H of K = Q(1/—5) and determine generators in H for the primes
over 3 in K.

7.3. Let K be a number field, H the Hilbert class field of K and H' the Hilbert class field of H.
a. Show that H’ is normal over K.
Let S denote the Galois group of H'/K and T the subgroup corresponding to H.
b. Show that 7" =[S, S] and that [T, 7] = 0.
c. Show that there exist a homomorphism V' : S/[S,S] — T/[T,T] and a commutative
diagram

can

Clx Clug

| |
S/[5.8) —~ T/IT,T]
(The map V can be canonically defined for any subgroup 7' of finite index in a group S
and is called the transfer map. When S is finite and 7' = [S, S] it is the zero map.)

7.4. Let a and b be fractional ideal in the imaginary quadratic field K and suppose that b is
coprime to 6 and the discriminant of K. Let B be a matrix such that Ba = ab®. Show that
/¢ (a) generates b in the Hilbert class field of K.
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